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Introduction 

The idea of replacing functions by linear operators, the process of quantization, 
goes back to the foundations of quantum mechanics and has a great impact in 
mathematics. This applies for instance to representation theory, operator algebra, 
noncommutative geometry, quantum and free probability or operator space theory. 
The quantization of measure theory leads to the theory of L p spaces defined over 
general von Neumann algebras, so called noncommutative L p spaces. This theory 
was initiated by Segal, Dixmier and Kunze in the fifties and continued years later 
by Haagerup, Fack, Kosaki and many others. We refer to the recent survey [39 for 
a complete exposition. In this paper we will investigate noncommutative L p spaces 
in the language of noncommutative Banach spaces, so called operator spaces. The 
theory of operator spaces took off in 1988 with Ruan's work |44|. Since then, it has 
been developed by Blecher/Paulscn, Effros/Ruan and Pisier as a noncommutative 
generalization of Banach space theory, see e.g. ^JEHIIS]- In his book [^Sj on vector 
valued noncommutative L p spaces, Pisier considered a distinguished operator space 
structure on L p . In fact, the right category when dealing with noncommutative L p 
is in many aspects that of operator spaces. Indeed, this has become clear in the 
last years by recent results on noncommutative martingales and related topics. In 
this paper, we prove a fundamental structure theorem of L p spaces in the category 
of operator spaces, solving a problem formulated by Gilles Pisier. 

Main result. Let 1 < p < q < 2 and let M be a von Neumann algebra. Then, 
there exists a sufficiently large von Neumann algebra A and a completely isomorphic 
embedding of L q (M.) into L p (A), where both spaces are equipped with their respective 
natural operator space structures. Moreover, we have 

(a) If M is QWEP, we can choose A to be QWEP. 

(b) If M. is hyperfinite, we can choose A to be hyperfinite. 

In order to put our result in the right context, let us stress the interaction 
between harmonic analysis, probability and Banach space theory carried out mostly 
in the 70's. Based on previous results by Beck, Grothendieck, Levy, Orlicz, etc... 
probabilistic methods in Banach spaces became the heart of the work developed by 
Kwapieh, Maurey, Pisier, Rosenthal and many others. A fundamental motivation 
for this new field relied on the embedding theory of classical L p spaces. This theory 
was born in 1966 with the seminal paper of Bretagnolle, Dacunha-Castelle and 
Krivine. They constructed an isometric embedding of L q into L p for 1 < p < q < 2, 
a Banach space version of our main result. The simplest form of such embedding 
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was known to Levy and is given by 
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for scalars (ct!fc)fc>i and where (0k)k>i is a suitable sequence of independent q-stable 
random variables in £i(f2) for some probability space (Q,fi). In other words, we 
have the relation 



More recently, it has been discovered a parallel connection between operator 
space theory and quantum probability. The operator space version of Grothcndieck 
theorem by Pisier and Shlyakhtenko [37] and the embedding of OH require 
tools from free probability. In this context we should replace the f^'s by suitable 

operators so that JJ) holds with matrix- valued coefficients a%,a2, To that 

aim, we develop new tools in quantum probability and construct an operator space 
version of g-stable random variables. To formulate this quantized form of Q we 
need some basic results of Pisier's theory [33]. The most natural operator space 
structure on comes from the diagonal embedding <-» B{l-i). The natural 
structure on l\ is given by operator space duality, while the spaces l p are defined 
by means of the complex interpolation method |32| for operator spaces. Let us 
denote by (5k)k>i the unit vector basis of £ q . If ® denotes the operator space 
projective tensor product and S p stands for the Schatten p-class over £2, it was 
shown in [33] that 



The answer to Pisier's problem for £ q reads as follows. 

Theorem A. If 1 < q < 2, there exists a sufficiently large von Neumann algebra 
A and a sequence (xk)k>i in L\{A) such that the equivalence below holds for any 
family (ak)k>i of trace class operators 



This gives a completely isomorphic embedding of £ q into L\(A). Moreover, the 
sequence x±,X2, ■ ■ ■ provides an operator space version of a g-stable process and 
motivates a cb-embedding theory of L p spaces. A particular case of Theorem A 
is the recent construction JT] of a cb-embedding of Pisier's operator Hilbert space 
OH into a von Neumann algebra predual. In other words, a complete embedding of 
£2 (with its natural operator space structure) into a noncommutative L\ space, see 
also Pisier's paper |35] for a shorter proof and Xu's alternative construction 
Other related results appear in ^5] [3S] [3^| > while semi-complete embeddings 
between (vector- valued) L p spaces can be found in EH] • All these papers will 
play a role in our analysis. 

Let us sketch the simplest construction (a more elaborated one is needed to 
prove the stability of hyperfinitcncss) which leads to this operator space version 
of ^-stable random variables. A key ingredient in our proof is the notion of the 
Haagerup tensor product We first note that £ q is the diagonal subspace of the 
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Schatten class S q . According to S q can be written as the Haagerup tensor 
product of its first column and first row subspaces S q = C q ®h R q - Moreover, using 
a simple generalization of "Pisier's exercise" (see Exercise 7.9 in Pisier's book |34p 
we have 

C q ^ cb (i?®OH)/ 3 rap/i(A 1 ) ± ! 
R q ^ cb (C (B OK) / graph(A 2 ) 



± 



with Ai : C — ► OH and A2 : R — > OH suitable injective, closed, densely-defined 
operators with dense range and where ^-> c b denotes a cb-embedding, see [TT1ISB1I5T] 
for related results. By jTJ and duality, it suffices to see that graph(Ai)®f l graph(A2) 
is cb- isomorphic to a cb-complemented subspace of ^4(OH). By the injectivity of the 
Haagerup tensor product, we note that graph(A\) £g>h graph(A2) is an intersection 
of four spaces. Let us explain this in detail. By discretization we may assume 
that Aj = d A j = J2k^i e kk is a diagonal operator on t%. In fact, by a simple 
complementation argument, it is no restriction to assume that the eigenvalues are 
the same for j — 1,2. Thus we may write the Haagerup tensor product above as 
follows 

Joo,2 = graph(d x ) ® h graph(d x ) = (c n if (A)) ® h (r n l° 2 h {\)) , 

where £% h W ^ s a weighted form of OH according to the action of d a ■ That is 

Cnlf(A) = {(e !l ,A,e !l )| J >l}cCffiOH, 

Rf] £° 2 h {\) = |(e w , Xjdj) I j > l} C R © OH. 

The symbol 00 in j7oo,2 is used because we shall consider L p versions of these spaces 
along the paper. The number 2 denotes that this space arises as a 'middle point' 
in the sense of interpolation theory between two related j7-spaces, see Section [3] 
below for more details. Now, regarding d| = J^k \\etk as the density d$ of some 
normal strictly semifinite faithful weight tp on B(£2), the space J7oo,2 splits up into 
a 4-term intersection space. In other words, we find 

Joo, 2 W = (c ® h R) n (c ® h oh) d| n 4 (oh ® h r) n d| (oh ® h oh) d|- 

The norm of x in ^00,2 (^) is given by 

f ll 3 II ll-ll II i - II 1 

max|||x|| B( £ 2 ), P^llc^hOH' Ir^lloHg^ii' \\ d i> xd $ lloH® h OH J ■ 

The two middle terms are not as unusual as it might seem 



(3) 



^ik^kj 
k=l 



\ d U x ^\\u m (om h R) = „ sup 

m 

K X «) d |llM m (C® fc OH) = „ , SU P |(X>^H 

llPllsv<l fc=1 



L 4 (M m ®B(£ 2 )) 



L 4 (M m <g>B(£ 2 )) 



Let us now assume that we just try to embed the finite-dimensional space S q n . By 
approximation, it suffices to consider only finitely many eigenvalues Ai, A2, • ■ • , A n 
and according to the results from we can take n ~ m log m. In this case we 
rename tp by ip n and we may easily assume that ti(d^ n ) = Ylk = ^« i s an integer. 
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Therefore, we may consider the following state on B{P£) 

1 " 

fn(x) = — ^ Afc Xfcfc. 
™ fc=l 

In this particular case, the space j7 0O ,2(V , n) can be obtained using free probability. 
More precisely, we may identify it as a subspace of L oc (A] OHk„), which in turn is 
the space obtained by complex interpolation (.4; OHk„) = [Ck„ (-4), i?k„ (-4)] 1/2 
where i?k„ (A) and Ck„ (*4) denote the row and column subspaces of Mk„ (-4) . 

Theorem B. Let A = Ai * A2 * • • • * Ak„ be the reduced free product of k„ copies 
of B(P£) <S)B{P 2 V ) equipped with the state h(ifi n © (p n ). If irk '■ Ay — > A denotes the 
canonical embedding into the j-th component of A, the mapping 

k„ 

U n . X 

is a cb-embedding with cb- complemented image and constants independent of n. 

Theorem B and its generalization for arbitrary von Neumann algebras is a very 
recent result from However, the proof given there is rather long and quite 

technical, see Section [3] for further details. In order to be more self-contained, we 
provide a second proof only using elementary tools from free probability. We think 
this alternative approach is of independent interest. Now, by duality we obtain a 
cb-embedding of P£ ^-> c (, S 1 ™ into Li(A; OHk„). Then we use the cb-embedding [TT] 
of OH into a von Neumann algebra predual. Using an ultraproduct procedure, the 
desired cb-embedding of t q into L\(A) is obtained. In fact, what we shall prove is a 
far reaching generalization of Theorem Namely, the same result holds replacing 
C q and R q by subspaces of quotients of R ® OH and C © OH respectively. 

Theorem C. Let Xi be a subspace of a quotient i?©OH and let X2 be a subspace of 
a quotient ofC® OH. Then, there exist some QWEP algebra A and a cb-embedding 

Xi %X 2 ^ cb Li(A). 

Now we may explain how the paper is organized. In Section ^ we just prove the 
complete embeddings (j2Jl. This is a simple consequence of Pisier's exercise 7.9 in 
pM| and Xu's generalization 51 . However, we have decided to include the proof 
since it serves as a model in our construction of the cb-embedding for general von 
Neumann algebras. In Section we concentrate on the simplest form of our main 
result by proving Theorems lAl IbI IHl This is done in part to motivate a new class of 
noncommutative function spaces introduced in Sectional We will state (in terms of 
these new spaces) the main result of |16| , a further generalization of Theorem B and 
a key tool in the proof of our main result. This is a free analogue of a generalization 
of Rosenthal's inequality, as we shall explain in Section [21 The whole Section 0] is 
entirely devoted to the proof of our main result. We first construct a cb-embedding 
of S q into L p (A) for some von Neumann algebra A. This is quite similar to our 
argument sketched above and provides an L p generalization of Theorem [CJ but 
this construction does not preserve hyperfiniteness. The argument to fix this is 
quite involved and requires recent techniques from ^31 an d El- We first apply a 
transference argument, via a noncommutative Rosenthal type inequality in L\ for 
identically distributed random variables, to replace freeness in our construction by 
some sort of noncommutative independence. This allows to avoid free product von 
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Neumann algebras and use tensor products instead. Then we combine the algebraic 
central limit theorem with the notion of noncommutative Poisson random measure 
to eliminate the use of ultraproducts in the process. After these modifications in 
our original argument, it is easily seen that hyperfiniteness is preserved. This more 
involved construction of the cb-embedding is the right one to analyze the finite 
dimensional case. In other words, we estimate the dimension of A in terms of the 
dimension of M. , see Remark 14.211 below for details. The proof for general von 
Neumann algebras requires to consider a 'generalized' Haagerup tensor product 
since we are not in the discrete case anymore. 

We conclude with some comments related to our main result. In the category 
of Banach spaces, noncommutative versions of a p-stable process were studied in 
[Hj and further analyzed in J2] to construct Banach space embeddings between 
noncommutative L p spaces. Ii0<p<q<2 and we write 1Z for the hypcrfinitc 
Hi factor, the main embedding result there asserts that the space L q (H®B(l2)) 
embeds isometrically into L P (1Z). One of the principal techniques in the proof is a 
noncommutative version of the notion of Poisson random measure, which will also 
be instrumental in this paper. On the other hand, the cb-embedding theory of L p 
spaces presents significant differences. Indeed, in sharp contrast with the classical 
theory, it was proved in jS] that the operator space OH does not embed completely 
isomorphically into any L p space for 2 < p < oo. Moreover, after |35j we know 
that there is no possible cb-embedding of OH into the predual of a semifinite von 
Neumann algebra. As it is to be expected, this also happens in our main result and 
justifies the relevance of type III von Neumann algebras in the subject. 

Theorem D. Ifl<p<q<2 and i q cb- embeds into L p {A), A is not semifinite. 

Unfortunately, the proof of this result is out of the scope of this paper and will 
be the subject of a forthcoming publication. In fact, the proof for the case p = 1 
is much harder than the case 1 < p < q and requires the use of a noncommutative 
version of Rosenthal theorem |48| . recently obtained in |17| . Our results there are 
closely related to this paper and complement Pisier's paper POj and some recent 
results of Randrianantoanina 001 ■ After a quick look at the main results in [2] HH , 
the problem of constructing an isometric cb-embedding of L q into L p arises in a 
natural way. This remains an open problem. 

Background and notation. We shall assume that the reader is familiar with 
those branches of operator algebra related to the theories of operator spaces and 
noncommutative L p spaces. The recent monographs 0] and |34j on operator spaces 
contain more than enough information for our purposes. We shall work over general 
von Neumann algebras so that we use Haagerup's definition |B] of L p , see also Terp's 
excellent exposition of the subject As is well known, Haagerup L p spaces have 
trivial intersection and thereby do not form an interpolation scale. However, the 
complex interpolation method will be a basic tool in this paper. This is solved using 
Kosaki's definition [23] of L p . We also refer to Chapter 1 in JS] or to the survey 
for a quick review of Haagerup's and Kosaki's definitions of noncommutative L p 
spaces and the compatibility between them. In particular, using such compatibility, 
we shall use in what follows the complex interpolation method without further 
details. The basics on von Neumann algebras and Tomita's modular theory required 
to work with these notions can be found in Kadison/Ringrose books [22] ■ There 
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are some other topics related to noncommutative L p spaces that will be frequently 
used in the paper. The main properties of normal faithful conditional expectations 
over Haagerup L p spaces can be found in \F3\ and 0^1 • We shall also assume certain 
familiarity with Pisier's theory of vector- valued non-commutative L p spaces |33| and 
Voiculescu's free probability theory 0H|- Along the text we shall find some other 
topics such as certain noncommutative function spaces, some recent inequalities for 
free random variables, a noncommutative version of a Poisson process, etc... In all 
these cases our exposition intends to be self-contained. 

We shall follow the standard notation in the subject. Anyway, let us say a 
few words on our terminology. The symbols (5k) and (e^) will denote the unit 
vector basis of 1% and Bilz) respectively. The letters A,A4 and M are reserved to 
denote von Neumann algebras. Almost all the time, the inclusions Af C M. C A 
will hold. We shall use tp and <j> to denote normal faithful (n.f. in short) states, 
while the letter tp will be reserved for normal strictly scmifinitc faithful (n.s.s.f. in 
short) weights. Inner products and duality brackets will be anti-linear on the first 
component and linear on the second component. As usual, given an operator space 
X we shall write M m (X) for the space ofmxm matrices with entries in X and we 
shall equip it with the norm of the minimal tensor product M m £2> m in X. Similarly, 
the X- valued Schatten p-class over M m will be denoted by S p n (X). Accordingly, 
L p (A4; X) will stand for the X-valued L p space over A4. Given 7 > 0, we shall write 
7X to denote the space X equipped with the norm ||a;|| 7 x — tII^Hx- In particular, 
if A4 is a finite von Neumann algebra equipped with a finite weight ip, we shall 
usually write i/j = hep with k = ^(1) so that ip becomes a state on A1. In this 
situation, the associated L p space will be denoted as k 1 / p L p (A4), so that the L p 
norm is calculated using the state tp. Any new or non-standard terminology will be 
properly introduced in the text. 



1. On "Pisier's exercise" 

We begin by proving a generalization of Exercise 7.9 in |34| . This result became 
popular after Pisier applied it in to obtain a simpler way to cb-embed OH into 
the predual of a von Neumann algebra. In fact, our argument is quite close to the 
one given in |51| for a similar result and might be known to experts. Nevertheless 
we include it here for completeness, since it will be used below and mainly because 
it will also serve as a model for our construction in the non-discrete case. Let 
us set some notation. Given a Hilbert space H, we shall write TL r = B(H,C) 
and Ji c = B(C,H) for the row and column quantizations on Tl. Moreover, given 
1 < p < 00 we shall use the following terminology 

TCr p — [W r ,W c ]i an d T~L Cp = [H c ,Tt r ]i. 

There are two particular cases for which we use another terminology. When 7i = £2 , 
we shall use (R, C, R p , C p ) instead. Moreover, when the Hilbert space is L2(A4) for 
some von Neumann algebra A4, we shall write L r 2 p (A4.) and L^iAd). In the same 
fashion, TC h and L§ (M) stand for the operator Hilbert space structures. Given 
two operator spaces Xi and X2, the expression Xi ~ c b X2 means that there exists a 
complete isomorphism between them. We shall write Xi 6 QSpi.2) to denote that 
Xi is completely isomorphic to a quotient of a subspace of X 2 . Let S denote the 
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strip 

S = jz e C| < Rc(z) < l| 

and let dS = do U d\ be the partition of its boundary into 

d Q = jz e C| Re(z) = oj and <9i = |z e C | Re(z) = l|. 

Given < < 1, let /xg be the harmonic measure of the point z = 9. This is a 
probability measure on OS (with density given by the Poisson kernel in the strip) 
that can be written as /xg = (1 — 9)[io + #/xi, with \Xj being probability measures 
supported by dj and such that 



(1-1) f{0) = / fdfxg 

JdS 

for any bounded analytic function / : S — > C extended non-tangentially to dS. 
Now, before proving the announced result, we need to set a formula describing the 
norm of certain kind of vector-valued noncommutative L p space. A more detailed 
account of these expressions will be given at the beginning of Section Given 
2 < p < oo and < 9 < 1, the norm of x = J^k x k ® ^fe m [S P (C P ), S p (R p )] g is 
given by 

(i.2) su p{(EJK^Iiy*l IHk,lli9|k<i} 

where the indices (u, w) are determined by 

(l/u,l/v) = (d/q,(l-6)/q) with l/2=l/p+l/g. 

Of course, this formula trivially generalizes for the norm in the space 

[Sp(Hc p ), S p (Hr p )] e - 

Lemma 1.1. If 1 < p < q < 2, we have 

R q E QS(R P ® 2 OH) and C q e QS(C P 2 OH) . 

Proof. We only prove the first assertion since the arguments for both are the same. 
In what follows we fix < 9 < 1 determined by the relation R q — [i? p ,OH]e. In 
other words, we have 1/q = (l — 9)/p + 9/2. According to the complex interpolation 
method and its operator space extension [121, gi ven a compatible couple (Xo,Xi) 
of operator spaces we define .F(Xo, Xi) as the space of bounded analytic functions 
/ : S — > Xo + Xi and we equip it with the following norm 

ll/IU(X ,Xi) = ((1 - 6) ||/|a ||i 2 (9 o;Xo ) +0 ll/| 8l lli 3 (ai;Xi)) • 

Then, the complex interpolation space X# = [Xo,Xi]e can be defined as the space 
of all x £ Xo + Xi such that there exists a function / G ^(Xo, Xi) with f{9) = x. 
We equip X# with the norm 

IM|x e = inf {ll/ll^xcx,) I / e ^(Xo.Xx) and f{9) = x). 

In our case we set Xo = R p and Xi = OH. If we define 

H = (l-9)?L 2 (d ;£ 2 ) and K = eiL 2 (d 1 ;£ 2 ), 
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it turns out that !F(R P , OH) can be regarded (via Poisson integration) as a subspace 
of H ©2 IC. Moreover, we equip T{R p ,0'Q) with the operator space structure 
inherited from H. rp ©2 fcoh- Then, we define the mapping 

Q:feHRpiOH)^f(6)eR q . 

The assertion follows from the fact that Q is a complete metric surjection. Indeed, 
in that case we have R q ~ c {, T{R P , OH)/ ker Q, which is a quotient of a subspace 
of R p ©2 OH. In order to see that Q is a complete surjection, it suffices to see that 
the map ids p , ® Q ■ S p i(J r (R p ,OH)) — > S p >(R q ) is a metric surjection. We begin 
by showing that ids p , ® Q is contractive. Let / € S P '(J 7 (R P , OH)) be of norm < 1 
and let us write 

To compute the norm of f(9) we note that 

S p ,(R g )=[S p ,(C p ,),S p ,(R p ,)] ri with l/q=(l- V )/p + r)/p'. 
Then it follows from (|1.2fl that 

(1.3) \\f(0)h p ,(R g ) =sup{(X; fc ll«A(^lls 2 ) ' I IMk^'ll^ll^/a-,) ^ l} 

where l/2r = 1/2 — 1/p' = 1/p — 1/2. Moreover, it is clear that we can restrict the 
supremum above to all a and j3 in the positive parts of their respective unit balls. 
Taking this restriction in consideration, we define 

g(z) = V\ gk{z)®5k with g k (z) = a%f k {z)(3^. 

' J k 

The g^s are analytic in S and take values in 3%. Thus, we have the identity 

(i-4) (EJ«aw/C)* 

= (E k y k (e)\\kf 

= (i 1 ' ) [ J2j9k(z)f S2 d^ + e f Y,j9k(z)\\ 2 S2 d^Y . 
The contractivity of ids , & Q win follow from 
(1-5) / ||<fc(*)|l! a dw> < ll/| 8o llL (i?( a o;fe )): 

(1-6) / Ej^)Hl>i ^ ll/|.JlW<**»' 

Indeed, if we combine l|1.3fl and (|1.4|) with the operator space structure defined on 
J-(R P , OH), it turns out that inequalities 1)1. 5fl and 1)1. 6fl are exactly what we need. 
To prove (|1.5(l we observe that 2r\ = 9 and r' = p' /2, so that 

J a J do 

= I Y.M^ z y^{z)(3^{^r)d^ 

J do k 

11 J do fe S -r' 
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This gives 



The first term on the right is < 1. Hence, we have 

2 



2 



Wfu 



J gg J2j9k{z)\\s 2 d^o < \\f\ So n Spi(L y ii)ir , yn - ii-M^va,-^,,,,, 
This proves (|1.5|) while for we proceed in a similar way 
£ fe llfl* («) Ilia d^l 

= / E» ||a^/ fe (z)/3^||| 2 dMi 
< sup I jf £^ ||o/ fc («)6||| 3 d/*i | ||o|| S4r , ||6|| ff4p < l| 
= supj |a(^/ fc | ei ®5 k y _J ||a||s 4r ,||&|| 



S a (£g"(9i;40) 

According to (|1.2|l . this proves (|1.6() and we have a contraction. Reciprocally, given 
x G Sp>(R q ) of norm < 1, we are now interested on finding / G S^' (J-(R P , OH)) 
such that /(#) = x and ||/||s p ,(^(fl p ,OH)) < 1- Since 

[S p i(Rp),Spi(OH)]e — Sp'(R q ) 

there must exists / G J-(S p i(R p ), S p >(OH)) such that f(6) — x and 

i 

ll/ll^(S p ,(fl p ),S p ,(OH)) = ((1 - 8)\\f\ ao \\i 2 (d :S p ,(R p )) + °\\ f\e t II L 2 (di ;S p , (OH)) 

Therefore, it remains to see that 

( L7 ) ll/|o Hs p ,(L2 P (ao;^)) - Wf\a \\L 2 (d ;S p ,(R p )), 

(!- 8 ) ll/laJsyCLg^fe)) < ll/| 0l IU 2 (ai;V(° H ))- 

However, the identities below are clear by now 



< 1. 



Wf\e \\s p ,(L r /(do;l2)) 



ll/l 



8 lli2(ao;S p ,(i? p )) 



In particular, (|1.7() follows automatically. On the other hand, (|1.2|l gives 

ll/| ei lk/(ZS h (fli;* 3 )) = SU P (/ J2,\\ a fk(z)P\\ 2 s 2 d^i) 2 , 

" - ||4r,||/3||4,.<l V J9l k ' ' 



ll/| 3l IU2(9i;S p ,(OH)) 



sup V W a fk{z)l3\\ 2 s 2 d^i 



di ||a||4r,||j8||4r<l 



Thus, inequality (|1.8|l also follows easily and Q is a complete metric surjection. □ 
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Remark 1.2. If 1 < po < p < p± < oo, it is also true that 

R p e QS(R P0 © 2 R P1 ) and C p e QS(C Po © 2 C Pl ). 

The arguments to prove it are the same. However, we have preferred to state and 
prove the particular case with p± = 2 for the sake of clarity, since we think of 
Lemma ll. II as a model to follow when dealing with non-discrete algebras. 

Remark 1.3. In Lemma H. II we have obtained 

R q ~ cb F(Rp, OH)/ker Q e QS(R P © 2 OH), 

C q ~ cb T{C P , OH)/ker Q € QS{C P 2 OH). 

However, it will be convenient in the sequel to observe that ker Q can be regarded 
in both cases as the annihilator of the graph of certain linear operator, see J5J). 
Recall that for a given a linear map between Hilbert spaces A : tC\ — > K 2 with 
domain dom(A), its graph is defined by 

graph(A) = x 2 ) £ K-i © 2 K 2 \ x\ S dom(A) and x 2 = 

Let us consider for instance the situation with R q . We first observe that F(R P , OH) 
is the graph of an injective, closed, densely-defined operator A with dense range. 
This operator is given 

A (/| ao ) =/k 

for all / G J-(R P , OH). A is well defined and injective by Poisson integration due to 
the analyticity of elements in T{R P , OH). On the other hand, ker Q is the subspace 
of !F(R P , OH) composed of functions / vanishing at z = 9. Then, it easily follows 
from Hl.lf) that ker Q is the annihilator of T(R p i, OH) = graph(K) regarded as a 
subspace of 

2. The simplest case 

Given 1 < q < 2, we construct a completely isomorphic embedding of S q into 
the predual of a QWEP (not yet hyperfinite) von Neumann algebra. This is the 
simplest case of our main result and will serve as a motivation for the general 
case. We start with the proof of a generalized form of Theorem [B] for arbitrary 
von Neumann algebras, although we just use for the moment the discrete version 
as stated in the Introduction. The general formulation will be instrumental when 
dealing with non-discrete algebras. In the second part of this section, we prove 
Theorem [C] and deduce our cb-embedding via Lemma 11.11 Theorem ^ and the 
subsequent family of operator space g-stable random variables arise by injecting 
the space t q into the diagonal of the Schatten class S q . 

2.1. Free harmonic analysis. Our starting point is a von Neumann algebra M. 
equipped with a n.f. state <p and associated density d v . Let M be a von Neumann 
subalgebra of M. . According to Takesaki [l^l ; the existence and uniqueness of a n.f. 
conditional expectation E : M. — > M is equivalent to the invariance of ./V under the 
action of the modular automorphism group af associated to (A4, tp). Moreover, in 
that case E is (^-invariant and following Connes [3] we have E o af = of o E. In 
what follows, we assume these properties in all subalgebras considered. Now we 
set Afc = M M and define A to be the reduced amalgamated free product *x&k 
of the family Ai, A 2 , . . . , A„ over the subalgebra Af. Note that our notation *NAk 
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for reduced amalgamated free products does not make explicit the dependence on 
the conditional expectations Efc : Afc — > TV", given by Efc(a, b) — |E(a) + ^E(fo). The 
following is the operator- valued version ^2 of Voiculescu inequality 0H| i f° r 
which we need to introduce the mean-zero subspaces 



Afc = |x e A fe | Efc(afc) = oj. 



Lemma 2.1. //afc G Afc /or 1 < k < n and Ejv : A — > A/" stands for the conditional 
expectation of A onto N , the following equivalence of norms holds with constants 
independent of n 



n 
fc=l 



max HZfellA* 

KKn 



Moreover, we also have 



E 

fc=i 



a k a k ) 



n 

Yl °*k ak ) 
k=l 



(E E ^Kafc) 

fc=i 



max a k Ak 

Kk<n 



max afc Afc 

Kk<n 



N 



| E^-(4a fe ; 
fc=i 



A/ - 



X! E AA(afcaD 



fc=i 



X] E A^(afc a fe! 



fc=i 



A/ 



Proof. For the first inequality we refer to The others can be proved in a 

similar way. Alternatively, both can be deduced from the first one. Indeed, using 
the identity 



fc=i 



a k a* k ) 2 



y^«fc ®ei k 
fc=i 



and recalling the isometric isomorphism 

M„( *AA Afc) = *M„(A^)M„(A fe ), 

we may apply Voiculescu's inequality over the triple 

(M„(.4),M„(Afc),M„(A0). 
Taking Eaa = «c?m„ <8> E^, the last term disappears because 



n 

| EAA((afc(gieifc)*(afc(8)eifc)) 



fc=i 



M„(Af) 



= SUP 

Kfc<r 



\^Af{a* k ak) 2 \ 



M < sup \\a k \\A h 

Kk<n 



The third equivalence follows by taking adjoints. The proof is complete. 



□ 



Let 7Tfc : Afc — > A denote the embedding of Afc into the fc-th component of A. 
Given x S Ai, we shall write Xk as an abbreviation of 7Tfc(x, — x). Note that Xk is 
mean-zero. In the following we shall use with no further comment the identities 
^■Af(xkX k ) = E(xx*) and Ej^(x* k Xk) — E(x*x). We will mostly work with identically 
distributed variables. In other words, given igM we shall work with the sequence 
Xk = 7Tfc (x, —x) for 1 < k < n. In terms of the last equivalences in Lemma 12. II we 
may consider the following norms 



1*11 c- 



max{ 
max{ 
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Here the letters 1Z and C stand for row and column according to Lemma l2.ll The 
symbol oo is motivated because in the following section we shall consider L p versions 
of these spaces. The number 1 arises from interpolation theory, because we think 
of these spaces as endpoints in an interpolation scale. Finally, the norms on the 
right induce to introduce the spaces L^ Q (A / t, E) and L^ C (A4, E) as the closure of M. 
with respect to the norms 

||E(xa;*)5 and || E(x*x)' 
In this way, we obtain the spaces 

C^(M,E) = Mn^(M,E). 
Remark 2.2. It is easily seen that 

|| E ( xx *)*\\tf = su p{|IHU 2 (A4) | l|a|U 2 (AT) < l}, 

|| E ( a; * a; )*||^ = SU P {\\x(3\\l 2 (m) I ||j9|U 2 (A0 < l} 

This relation will be crucial in this paper and will be assumed in what follows. 

The state tp induces the n.f. state <p = if o Efj on A. If -A®„ denotes the n-fold 
direct sum A ® A ® ... ® A, we consider the n.f. state <j> n : *4©„ — ► C and the 
conditional expectation £ n : *4©„ — > A given by 



n 1 n n 1 n 

<j>n(/]ak®5k) = - / J<K°fc) and g »( /, a k ®h) = 

fc=l n fc=l fc=l n fc=l 

Let us consider the map 

n 

(2.1) w : a; G i— > £fc ® <5fc G -4©„ with = 7Tfc(x, — a;). 



fe=i 

Lemma 2.3. The mappings 



fe=i 

n 

as e C,i (X, E) ^ x k ® e fc i G C n (-4), 



fe=i 

are isomorphisms onto complemented subspaces with constants independent of n. 
Proof. Given x £ ^(Al, E), Lemma |2~T1 gives 



,V" 



lH„(>t) — II V Z > '' ; ' '' ■'■ ; . " II- '••II A; ! III / ^ '-Af l^fc^fc, 

fc= 

In other words, we have 

IK^IL^-A) ~ W x \\m + Vn\\x\\ L ^ Mt£) ~ Iklkso^CM.E)- 

Thus u r is an isomorphism onto its image with constants independent of n. The 
same argument yields to the same conclusion for u c . Let d v and d$ be the densities 
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associated to the states ip and 4>. To prove the complementation, we consider the 
map 

1 1 " 

Lo r : x S Li(7W) + -^L^(M,E) i — ► - V x fc ® e u G R^L^A)), 

v fe=l 

where LJ(A1,E) is the closure of Afd v Ai with respect to the norm ||E(xa;*)'||i. 
Now we use approximation and assume that x = ad v a for some (a, a) e TV x .M . 
Then, taking a& = 7i"fc(a, —a) it follows from Theorem 7.1 in that 



Lv(x) 



Ri(Li(A)) 



< 



adj^akaljd^a 

k=l 

n 



1/2 

il/2(^.) 

1/2 



k=l 



J l/2 



(AO 



This gives 



cj r (x) I 



< 



1 



On the other hand, by the triangle inequality 



m\Ll(M,E)- 



\u! r (x)\ 



R^(L 1 (A)) n 



1 n n 

- £ 



x k <8> em, 



fc=i 



< x 



These estimates show that w r is a contraction. Note also that 

^ n 1 n 

(u r (x),cj r (y)) = -^tr^(x^y fe ) = - ti M (x*y) = (x,y). 



fe=i 



fe=i 



In particular, since it follows from Corollary 2.12 of JU| that 



K" 1 (M;E) = [L 1 {M) 



it turns out that the map u>*u r is the identity on TV^ 1 (M. ; E) and u r u* is a bounded 
projection onto the image of u r with constants independent of n. This completes 
the proof in the row case. The column case follows in the same way. □ 

In what follows we shall use the vector- valued space L OQ (A; OH„). This space 
is defined in for A hyperfinite, but we shall work in this paper with A being 
a reduced free product von Neumann algebra as defined above, which is no longer 
hyperfinite. There is however a natural definition mentioned in the Introduction 
and motivated by Pisier's formula OH„ = [C n , R n ]i/2- Indeed, recalling that the 
spaces R n (A) and C n (A) are defined for any von Neumann algebra A, we may 
define 

(2.2) L 00 (A;OR n )=[C n (A),R n (A)]i. 
Pisier showed in [HJ that 



(2.3) \\j2a k ®5 h 



k=l 



L 00 (^l;OH„) 



sup ■ 



£» 

k=l 



k aa k 



L 2 (A) 



a>0, |H| 2 < 1 



More general results can be found in ^HUSH] or Section below. 
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Remark 2.4. We know from that the spaces 

Loo (./Mi) and L^A; £oo) 

are also defined for every von Neumann algebra A. In particular, we might wonder 
whether or not our definition (|2.2|) of L oc (A; OH„) satisfies the following complete 
isometry 

Loo^OH,,) = [L 00 {A;l n 00 ),L 00 {A ] ei)} 1 . 

2 

Fortunately this is the case. A similar remark holds for L P (A; OH„), see |lflj . 

The careful reader will have observed that the projection maps u r w* and u c w* 
are the same, modulo the identification of R n (A) and C n (A) with A® n . This is 
the same identification as in Pisier's result (|2.3|l . In particular, this allows us to 
identify via Lemma 12.31 the interpolation space 

Xi - [C™ X (M, E),W^ o l (M, E)] i 

with a complemented subspace of L oc (A; OH„). However, the difficult part in 
proving Theorem iBl is to identify the norm of the space Xi. Of course, according 
to the fact that we are interpolating 2-term intersection spaces, we expect a 4-term 
maximum. This is the case and we define 2 (-M, E) as the space of elements x 
in M. equipped with the norm 



max 



ix (n«M swp{\\ax(3\\ L {M) \ \\a\\ Lu{A f } , \\l3\\ Lv{ u) < l}) , 
4,00} <- 1 1 ' J 

where £(u, v) is given by ^ — i + i. Obviously, multiplying by elements a, /3 in 
the unit ball of Loo (A/ - ) and taking suprema does not contribute to the corresponding 
L£(u,v){M) term. In other words, we may rewrite the norm of x in E) as 

IMIj£ t2 (A4,E) = max{||x|| A ™ u ^ | w, u € {4, 00}} 
where the A™ u ^ norms are given by 

IMIa^, = ™a supjllx^Hi^M) I ||/3|U 4 (AT) < l}, 
IMIa™ 4oo) = sup|||ax|| i4(>() I |H|l 4 (aO < l}, 
IMU^ = sup|||aaf^||i 2 (x) | ||a|U 4 (A/-), ||^IU 4 (A0 ^ 1 }- 

These norms arise as particular cases of the so-called conditional L p spaces, to be 
analyzed in Section^ Before identifying the norm of X 1 , we need some information 
on interpolation spaces. 

Lemma 2.5. If (1/u, l/v) = (6/2, (1 - 0)/2), we have for x E M 
\\x\\[M,L^{M£)\ e = sup|||aa;||i u (^) I ||a||i„(^) < l}, 

\M[L^{M^),M]e = SW P {\\xP\\ Lv ( M ) I \\P\\l v W < l}, 

lkll[£g o (M,E)] a ,is (A<,E)] e = sup|||aa;/3|| L2(A4) I ||a|| Lu (jvo> II^IU^AT) < l}- 
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The proof can be found in [lfij . In the finite setting, this result follows from 
a well-known application of Helson/Lowdenslager, Wiener/Masani type results on 
the existence of operator- valued analytic functions. This kind of applications has 
been used extensively by Pisier in his theory of vector-valued L p spaces. 

Theorem 2.6. We have isomorphically 

[C^ tl (M,E),TZ^ 1 (M,E)] i ~ J£, 2 (M,E). 

Moreover, the constants in these isomorphisms are uniformly bounded on n. 
Proof. We have a contractive inclusion 

Xi CJZ, 2 (M,E). 
Indeed, by elementary properties of interpolation spaces we find 

Xi c [M,M]i n [V^l^m]! n {m^lUl n [V^,V^]i, 

where and are abbreviations for L^ xl (Ai,E) and L^ >a (A4,E) respectively. 
Using the obvious identity [AoX , AiXjJe = Aj~ e \® Xg and applying Lemma |2~B1 we 
rediscover the norm of the space ^(M,, E) on the right hand side. Therefore the 
lower estimate holds with constant 1. 

To prove the upper estimate, we note from Lemma 12.31 and l|2.3|l that 

IMIxi ~ \H X )\\[C n (A),R„(A)] h 




= sup < > x* k axk " \ a > 0, II cz || 2 < 1 > = A 



Thus, it remains to see that 

(2.4) A ^maxjllzHAn^ | u,i)6{4,oo}}= IMI^gm.e}- 

In order to justify 1)2.4(1 . we introduce the orthogonal projections Lfe and R& in 
£2^) defined as follows. Given a S L 2 (A), the vector Lfe(a) (resp. Rfc(a)) collects 
the reduced words in a starting (resp. ending) with a letter in A k . In other words, 
following standard terminology in free probability, we have 

L k :L 2 (A) -> L a ([0 A, A, , • • • A,. "] 

m>l ji=kjtj 2 ^---^j m 

R k :L 2 (A) — > L2 ([0 A, : A,.---A,. 

Now, given a positive operator a in L 2 (A) and a fixed integer 1 < k < n, we 
consider the following way to decompose a in terms of the projections and R k 
and the conditional expectation E^j- : A — > M 

(2.5) a = Ejv(o) + L fc (a) + R k (a) - R k L k (a) + 7* (a), 
where the term 7^ (a) has the following form 

7fc(a) = a- Ejv(a) - L fe (a) - R k {a - U(a)). 
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The triangle inequality gives A 2 < 53fe=i ^ji where the terms Aj are the result of 
replacing a in A by the j-th term in the decomposition 12.5(1 . Let us estimate these 
terms separately. For the first term E^f(a) we use 

n 



fe=l 



< 



L 2 {A) 

^2 Ej^{xlE^r(a)xk) 



fe=i 



+ ^2 x t E ^( a ) x k ~ E N -{x* k Eu(a) 



Xk, 



fe=i 



L 2 (A) 



A 2 -j- A 2 

A ll T" A 12 . 



Since Ej^{x k Ej^{a)xk) = E{x*Ej^{a)x) and a £ B^^, we obtain 



A n = ni sup {tr^/TE^E^a)*)/?) * \ \\p\\ LiW < l} 



< n 2 sup 



{tr M ((3*x*a*ax(3) 2 | |H|l 4 (a/> ||/3||l 4 (a0 - 1 }- 



This gives An < ||^||a? 44) < IMIj^ 2 (m,e)- On the other hand, by freeness 



A 2 - 



n 

H^fe^W^fc - E A f(x* k E A r(a)x k )\ 



L 2 {A) 



k=l 



k=l 



L 2 (M)' 



Then positivity gives 

A12 <V2 \\x\\ < V^||aj||^ ia(A4 ,E). 
The second, third and fourth terms in Q2.5JI satisfy 



fc=i 



^4(L fc (a) + R fc (a) + R fc Lfc(a))a; fc 

SUP {^ tr ^( 6 4(U(a) + Rfe(a) + RfcL fc (a))a:fe) | ||6|U 2 (^) < lj 
sup^^tT A (x k bxt(L k (a) + R k (a) + R k L k {a))^ \ \\b\\ L2{A) < 1 j 

n 

(^||U(a) + R fe (a) + R fe L fe (a)| 



< sup ( 2_, \\ x kbx* k 
\\Hl 2 (a)<i y k =i 



|2 

\L 2 (A) 



2 

L 2 (A) 



k=l 



The second factor on the right is estimated by orthogonality 



n 

(^||L fc (a) + R fe (a) + R fe L fe (a) 



fc=i 



i2 

li 2 (-4) 



< 3||a|U 2 (^) < 3. 



For the first factor, we write b as a linear combination (6i — 62) + *(&3 ~ ^4) of four 
positive operators. Therefore, all these terms are covered by the following estimate, 
to be proved below. 
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Claim. Given a G B^,^, we have 

n i 

(2-6) (X)ll XfcOX *lli a (yl))* ~ max {NI^> n ^ SU P MIz^M)}- 

fe=l " II^IU 4 (AT) <i 

Before justifying our claim, we complete the proof. It remains to estimate the term 
A 5 associated to 7fc(a). We first observe that 7* (a) is a mean-zero element of L2 (A) 
made up of reduced words not starting nor ending with a letter in . Indeed, note 
that Ej\/(7fc(a)) = and that we first eliminate the words starting with a letter in 
A/; by subtracting Lfc(a) and, after that, we eliminate the remaining words which 
end with a letter in A k by subtracting R k (a — Lfc(a)). Therefore, it turns out 
that x *7i (a)a?i, x| 72(0) 2*2 , ■ ■ ■ ,a;*7„(a)x Il is a free family of random variables. In 
particular, by orthogonality 



n 1 /t 

However, recalling that 7fc(a) is a mean-zero element made up of words not starting 
nor ending with a letter in Ak, the following identities hold for the conditional 
expectation £ Ak : L 2 (A) — » L 2 (Ak) 

£&k(lk(a)*(x k x* k - E^(x fc a;fc))7fe(a)) = 0, 
(2-7) ) { 

£Ak{jk(a)(x k x* k - Ej^(x k x* k )) lk {a)* J = 0. 

Using property (|2.7|l we find 

\\x* k -f k (a)x k \\ 2 L2{A) = tr A (x* k -fk(a)*XkX* k jk(a)xk) 

= ^ A (x* k £A k (jk(a)*x k x* k j k (a))x k ) 
= ^ A (x* k £ Ak (j k (a)*E^(x k x* k )j k (a))x k ) 
= tr A (lk {a)x k x*k^k (a) * Ej^(xkX* k )) 
= ti A {£A k {lk{a)xkX* k 'yk(a)*)E^(xkX*k)) 
= ti A (£ Ak (^k{a)E J ^(xkxl)'yk(a)*)E^(xkX* k )) 
= tr A [E^(x k x* k )^j k (a)Ej^(xkX* k )^k{a)*EAr(xkX* k )i). 
In combination with 1 1 'yjt 1 1 2 < 5 ||a||2 and Holder's inequality, this yields 

\\ x *klk{a)x k \\ 2 L2{A) = \\E A r{xx*)^k(a)E A /(xx*)^\\ 2 L2{A) < 25 \\x\\ 4 L ^ {M E) . 
We refer to Lemma f2. 51 or [TH] for the fact that 

\\x\\l^(m,e) < sup|||aa:|| i4 ( M ) | \\a\\ Li{Ar) < l|. 
The inequalities proved so far give rise to the following estimate 



^ x* klk (a)x k 2 < V5|M|a^ 4oo) < ^\\x\\j£ t2 (M,E) 



fe=i 



Therefore, it remains to prove the claim. We proceed in a similar way. According 
to the decomposition (|2.5(l . we may use the triangle inequality and decompose the 
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left hand side of l|2.6(l into five terms Bi, B2, . . . , B5. For the first term, we deduce 
from positivity that 

" i 

(E lk fcE ^( a ) X fcllw.A)) 4 = n ^\\ xE ^( a ) X *\\I 2 (M) - n ^ SUP IMIM-M)" 
fc=l " ll/3|lt 4 (Af)<l 

The terms B2,B3 and B4 satisfy 



(j2\\ x t L k(a)x k \\ 2 L2{A) y < \\x\\M{J2\\Lk{a)\\ 
fc=i fe=i 

n 1 n 



'fe=i fc=i 



(^||4R fc U(a)x fe ||^ ( ^) 3 < |M|/*(El|R*U(a)||£ a( . 
fe=i fe=i 

Therefore, by orthogonality we have 

n 1 

(E IK( L *( a ) + R fe( a ) + RfeLfe ( a )) Xfe lli 2 (^)) * - 3 
fc=i 

This leaves us with the term B5. Arguing as above 

n 1 

(^\\x k j k (a)xl\\l 2{A) Y <V5 sup ||:e£|U 4 (.m). 

fe=l " ' 11/311 JL 4 (AT) <1 

Therefore, the claim holds and the proof is complete. □ 
Remark 2.7. The arguments in Theorem 12.61 also give 

IWI[A4,7^ a (A4,E)]i ~ m ^{N|Mjz||A« i00) }, 
\\x\\[C^ A (M.E),M]i ~ max||jx||A4, IMU^}. 

Now we show how the space X1/2 is related to Theorem iBl The idea follows 
from a well-known argument in which complete boundedness arise as a particular 
case of amalgamation. More precisely, if L^M.) / L^M.) denote the row/column 
quantizations of L 2 (M) and 2 < q < 00, the row/column operator space structures 
on L q (A4) are defined as follows 

L r q (M) = [M,L r 2 (M)] r 

(2 ' 8) L°(M) = [M,L c 2 (M)]l. 

The following result from is a generalized form of Pjl. 
Lemma 2.8. If M m = M m (M), we have 



dv>{ x ij)\\is/i m (LUM)) ~ SU P ( E Qifca; 

ll"l| s ™<i M \- = i 

sup ( x lk Pkj 

ii/3iis-<i 11 v rr^ ' 



{ Xi 0) d v\\ Mm (L2(M)) 



Li{M T 



L 4 (M m ) 
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The proof follows from 

i i m 

\\ d v( x ij)\\u m (mM)) = SU P \ d l(^2 a ikXkj) 

||a|| S m<l k=1 



(2 - 9) ■ . 

\\( X ii) d 9\\u m (L°(M)) = , SU P (X^A)*^ 

,q™<l i — i 



k=l 



L 2 (M m ) 



L 2 {M m ) 



and some complex interpolation formulas developed in |lfi| . The identity l|2.9|l from 
which we interpolate is a well-known expression in operator space theory (see e.g. 
p. 56 in 0|) and will play a crucial role in the last section of this paper. Now we 
define the space 2 (M) as follows 

J5>,ilM) =Mn n*L%{M) n n*L\(M) n nH 2 {M). 

Lemma l2~51 determines the operator space structure of the cross terms in 2 {-M). 
On the other hand, according to Pisicr's fundamental identities <|1.2ll or (|2.3[1 . it is 
easily seen that we have 



L 2 (M m ) 



1 in - / V — > \ - 

\\ d v{ x i3) d v\\u m (L 3 (M)) = sup M a ik x k i(3iAd^ 

tl"lls r ,ll/3||s r <l v fcji=1 

In other words, the o.s.s. of 2 (M) is described by the isometry 
(2-10) M m (JZ, 2 (M)) = J^. 2 (M m , E m ), 

where M m = M m (A4) and E m = idyi m ® f ■ M. m — * M m for m > 1. This means 
that the vector-valued spaces 2 (A4,E) describe the o.s.s. of the scalar-valued 
spaces J^ t2 {M.). In the result below we prove the operator space/free analogue of 
a form of Rosenthal's inequality in the limit case p — > oo, see Section [3] or for 
more details. This result does not have a commutative counterpart. The particular 
case for M. = B(£ 2 ) recovers Theorem [B] Given a von Neumann algebra Ai, we 
set as above A fc = M © M . 

Corollary 2.9. If Am = *M&k, the map 

n 

Xfc 09 Ofc kz -Loo (Am; OH n ) 

k=l 

is an isomorphism with complemented image and constants independent of n. In 
particular, replacing as usual (M.,Af,E) by (A4 m ,M m ,E m ) and replacing Am by 
the non- amalgamated algebra Ac = Ai * A 2 * • • • * A„, we obtain a cb-isomorphism 
with cb- complemented image and constants independent of n 

n 

(Soo 2 ) cr : x e J^. 2 {M) ^>^2x k ®5 k e Loo(A:;OH n ). 

k=l 

Proof. The first assertion follows from Lemma 12.31 and Theorem 12.61 To prove 
the second assertion we choose the triple (M m , M m , E m ) and apply l|2.1L)ll . This 
provides us with an isomorphic embedding 

71 

a m :xe M m (j™ i2 (M)) H^i k ®4e ioo(An;OH n ), 

fe=i 

where the von Neumann algebra A m is given by 

A m = M m (A c ) = M m (Ai) * Mm M m (A 2 ) * Mm • • • * Mm M m (A„). 
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The last isometry is well-known, see e.g. [11] . In particular 

L 00 (A«; OH„) = M m (L 00 (^ c ; OH n )) 

and it turns out that o~ m = idyi m ® This completes the proof. □ 

Remark 2.10. A quick look at Corollary 12 . 91 shows that our formulation of (£002) 
is the half-way result (in the sense of complex interpolation) between the stated 
isomorphisms in Lemma 12. II In the same way, as we shall see in Section [3] the free 
analogue of (S p 2) is the half-way result between the row and column formulations 
of the free Rosenthal inequality ^8] for positive random variables. However, this 
nice property is no longer true for with q ^= 2, see below for details. 

2.2. Embedding S q into L\{A). The tools developed so far allow us to prove 
Theorem[U]and thereby obtain a complete embedding of the Schatten class S q into 
L±(A) for some QWEP von Neumann algebra A. Our main concern here is to 
set a model from which we may motivate/justify the forthcoming definitions and 
arguments. We shall use some well-known facts from the theory of operator spaces 
which we do not state here to simplify the exposition. All these results will be 
properly stated in Section 0] and we shall refer to them. We fix M. = B{tz) and 
consider a family 71,72, ■ ■ ■ G K+ of strictly positive numbers. Then we define d 7 
to be the diagonal operator on £2 defined by d 7 = y\ ^k&kk- This operator can be 
regarded as the density associated to a normal strictly semifinite faithful {n.s.s.f. 
in short) weight ip on $(£ 2 )- Let us set q n to be the projection J2k<n e kk and let 
us consider the restriction of ip to the subalgebra q n B(£.2)q n 

n 

VVt [Qn ( ^ . . Xij ejj) q n j = ^jkXkk- 
13 k=i 

Note that if we set k„ = ip n { a n)i we obtain ip n — k n (p n for some state (p n on 
q n B(£2)q n - If dip n denotes the density on q n B{£2)q n associated to the weight ip n , 
we define the space Joo,n($n) as the subspace 

{(*,«4 B >4»*'4» Z 4») I Z E 9« 6 (^)9n} 

of the direct sum 

C = ( C n ®h Rn) ©2 (C n ® h OH„) 2 (OH„ ® h R n ) ®2 (OH„ ® h OHn). 

In other words, we obtain the intersection space considered in the Introduction 

{C n ® h Rn)r\ {C n ®h OH„)d|„ H rf| n ( 0H « ®h Rn) H dj„ ( 0H n ®h 0H ») d l • 

Lemma 2.11. Let us consider 

£1,2(^1) = JooA^n)* ■ 

Assume that k„ = X\ =1 7& * s an "integer and define A n to be the h n -fold reduced 
free product of q n B{£ 2 )qn © gw6(£ 2 )g n . 7/^- : q n B{£ 2 )q n © qnB{£ 2 )qn — > Ai 
natural embedding into the j-th component of An and we set Xj = nj{x,—x), the 
mapping 

w : x e ICifiiipn) !-> -r— y^^j ® ^ € £i(A»; OH kn ) 

k " i=l 

is a cb-embedding with cb- complemented image and constants independent of n. 
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Proof. We claim that 

completely isometrically. Indeed, by l|2.8JI 

VlL\{qnB{t 2 )qn^n) = k| [B{^), L^B^), ¥>„)] x 

2 

= kl4„ [C™ ®ft Rn, Rn ®h Rn] i = d|„ ( 0H ™ jR ")- 

Similarly, we can treat the other terms and obtain 

k|^(g n B(4) gn ,^ n ) = (C n O h OH„)4 n , 

k|L 2 ( g „B(4)9„,^„) = 4„(° H » ^ OH «)4n- 
In particular, Corollary 12 . 91 provides a cb-isomorphism 

k„ 

cr : X € Jao^iipn) ^ ^ ® <$j € Loct/U; OH k „) 
J'=l 

onto a cb-complemented subspace with constants independent of n and 
(o-(x),w(y)) = -r-y^teAnixjVj) =tv n (x*y) = (x,y). 

In particular, the stated properties of u> follow from those of the mapping a. □ 

Now we give a more explicit description of K.\^{ip n ). Using the terminology 
introduced before Lemma 12.111 the dual of the space C^o ls given by the following 
direct sum 

C[ = (Rn (g) h C n ) 2 (Rn ® h OH„) 2 (OH n ® h C n ) ©2 (OH„ ® h OH„). 
Thus, we may consider the map 

^ n :£^L 1 (q n B(e 2 )q n ) 

given by 

i i i i 

^n(xi,X2,x 3l x 4 ) = x\ + x 2 d* n + d^ n x 3 + d^ n Xid^ n . 

Then it is easily checked that ker^„ — J 00 ,2{4'n) 1 ~ with respect to the anti-linear 
duality bracket and we deduce K\^(^n) — jC"/ker^ n . The finite-dimensional 
spaces defined so far allow us to take direct limits 

Joo,2(lp) = [J Joo,2(lpn) and /Ci^O) = |J £l,2(lpn)- 
n>l n>l 

Lemma 2.12. Let Ai, X 2 , ■ ■ ■ € R+ be a sequence of strictly positive numbers and 
define the diagonal operator d\ = J^ fe \k e kk on £ 2 . Let us equip the space graph{d\) 
with the following operator space structures 

Rf\lf(\) = graph(d x ) C R 02 OH, 
Cnff(A) = graph(d x ) c C 2 OH. 
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Then, if we consider the dual spaces 

C + t° 2 h (\) = (C® 2 OR)/(Rnef(X)) ± , 
R + lf{\) = (R® 2 OR)/(Cn£° 2 h (X)) ± , 

there exists a n.s.s.f. weight ip on B(l<2) such that 

(R + 1?{X)) ® h (C + if (A)) = £i, 2 (VO- 

Proof. If we set 

q n = ^ efefe , 

k<n 

then we define 

q n (C + e° 2 h (X)) = {q n (a,b) + (Rne° 2 h (X)) ± I (a,b) e C ® 2 Oh} c C + tf (A), 
g„(i2 + ^ fc (A)) = {<?„(a,&) + (Cn^(A)) 1 | (a, 6) <G i? ®2 OH j C R + £° 2 h (X). 

Note that, since the corresponding annihilators are ^-invariant, these are quotients 
of C n ®2 OH„ and R n ©„ OH„ respectively. Moreover, recalling that q n (x) — > x as 
n — > oo in the norms of R, OH, C, it is not difficult to see that we may write the 
Haagerup tensor product (R + £ 2 h (X)) (g> h (C + £ 2 h {X)) as the direct limit 

|J q n (R + If (A)) ® h q n (C + £f{X)). 

n>l 

Therefore, it suffices to show that 

q n (R + if (A)) ® h q n (C + £?{X)) = /C li2 (V„), 

where ip n denotes the restriction to q n B(£ 2 )q n of some n.s.s.f. weight ip. However, 
by duality this is equivalent to sec that q n (Cr\l 2 lh {X))® h q n {RC\i 2 h {\)) = Joo^VVi) 
where the spaces q n (R n l 2 h {X))/q n {C n £ 2 h {X)) arc the span of 

{(4, X k 8 k ) | 1 < k < n| 

in i?„ ® 2 OH„/C n ®2 OH„ respectively. Indeed, we have 

qn (c + e° 2 h (x)) = (c„e 2 OH„)/ g „(i?n^(A)) ± , 

q n {R + e° 2 h (X)) = (R n ®2 0R n )/q n (Cne° 2 h (X)) ± , 
completely isometrically. Using row/column terminology in terms of matrix units 

q n (C'n£° 2 h {X)) = span|(e i i,A i e i i)eC n e2 0H n } ) 
q n (Rnef(X)) = span{(ey,Ajei j )ei2 n ©2 0H„}. 
Therefore, the space q n (C n £f{X)) ® h q n {R n £ 2 h {X)) is the subspace 

span{(< A,< ,,. A,< ,, . A, A,' ,, )} = |(z, zd A , d x z, d x zd x ) \ ze q n B(£ 2 )q n } 

i 

of the space defined above. Then, we define 7fc € K+ by the relation Xu = 7^ 
and consider the n.s.s.f. weight ip on B{£ 2 ) induced by d 7 . In particular, we 
immediate obtain 

q n (Cnl° 2 h (X))® h q n (Rnt° 2 h (X))={(z, zd\ n , d| n *, dj„ zd\ n ) } . 

The space on the right is by definition Joo,2{4>n)- This completes the proof. □ 
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Proof of Theorem [Cj By injectivity of the Haagerup tensor product, we may 
assume that (Xi,X 2 ) G Q{R®2 OH) x Q(C ffi 2 OH). In particular, the duals XJ 
and Xj are subspaces of C ©2 OH and R ©2 OH respectively. Therefore, using a 
well-known result (see Lemma 14. II below) . we may find Hilbert spaces and /Cy 
for i, j = 1,2 such that 

X* ~cb Hu, c ©2 Hi2, ft ffi 2 graph(Ax), 

X2 ^cb H 2 i, r ©2 ^22,0/1 ©2 graph(A 2 ), 

where the operators Ai : /Cn jC — * fC\2 t oh an d A2 : K-2i. r —> ^22. oh are injective, 
closed, densely-defined with dense range. On the other hand, using the complete 
isometries TL* = TL C and TL* C — TL r , we easily obtain the cb-isomorphisms 

Xi ~ cfc Un, r ® 2 Hi2,oh®2 {{K,ii,r@2 K, 1 2^oh)/graph{K 1 ) 1 ^, 

X 2 ^cb H 2 i,c®2H 2 2,oh.®2 ((lC2i,c ®2 JC 2 2,oh) / graph^)^. 
Let us set for the sequel 

Zi = (JC n<r ©2/Ci2, h)/graj)/i(Ai)- L , 

Z 2 = (/C 2 i, c ©2 K-22, oh) / graph(k 2 )^ . 
Then, we have the following cb-isometric inclusion 
(2.11) Xi ® h X 2 C Ai ffl 2 A 2 ffi 2 A 3 ffl 2 A 4 ffi 2 A 5 ffi 2 A 6 , 

where the Aj's are given by 

Ai = Zi ® h Z 2 
A 2 = Ku, r ®/ l X 2 
A 3 = Xi® h W 21jC 

A 4 = TL\2.oh ®h Z 2 
A 5 = Zi ©^ H22,oh 
A 6 = Wl2,oh®fi ^22,0/1- 

Let us show that the proof can be reduced to the construction of a cb-embedding 
Z\ (g>h Z2 — > Li(^4) for some QWEP von Neumann algebra ^l. Indeed, according 
to JT] we know that OH cb-embeds in L\{A) for some QWEP type III factor A. 
Hence, the last term on the right of l|2.11|l automatically satisfies the assertion. 
A similar argument works for the second and third terms. Indeed, they clearly 
embed into Si(Xi) and 5i(X 2 ) completely isometrically. On the other hand, since 
OH e QS(C © R) by "Pisier's exercise" and we have by hypothesis 

Xi G QS(R ffi 2 OH) and X 2 G QS{C ffi 2 OH), 

both Xi and X 2 are cb-isomorphic to an element in QS(C © R). According to 
[TT] one more time, we know that any operator space in QS(C © R) cb-embeds 
into Li(A) for some QWEP von Neumann algebra A. Thus, the spaces 5i(Xi) and 
5i(X 2 ) also satisfy the assertion. Finally, for the fourth and fifth terms on the right 
of l|2.11|l . we may write OH as the graph of a diagonal operator on £ 2 , see Lemma 
14.21 below for further details. In particular, by the self-duality of OH we conclude 
that these terms can be regarded as particular cases of the first term Z\ ®h Z2- 
It remains to see that the term Z\ (S>h Z2 satisfies the assertion. By discretization 
(see Lemma [4.5(1 we may assume that the graphs appearing in the terms Z% and 
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Z 2 above are graphs of diagonal operators cJai and d a 2 - Moreover, using polar 
decomposition we may also assume that both diagonal operators are positive, see 
the proof of Lemma l4.5l one more time. In fact, by adding a perturbation term we 
can take the eigenvalues Aifc, X 2 k G R+ strictly positive. Indeed, if we replace Xjk 
by £jk = ^jk + £fc for j — 1, 2, the new diagonal operators and d^ 2 satisfy the 
cb-isomorphisms 

graph(dx j ) ~ cb graph{d^ ) for j = 1, 2 
where (arguing as in Lemma 14.21 below) the cb-norms are controlled by 

(S>|*)* 

Therefore, taking the efc's small enough, we may write 

Zi = (i?© 2 OH)/(C*n^f(A 1 )) ± =R + £° h (\ 1 ) with d Al :C-»OH, 
Z 2 = (C0 2 OH)/(i?n^f(A 2 )) ± = C + £f l (X 2 ) with d A2 :i?^OH, 

where the diagonal operators above are positive and invertible. Now we define 

{A, fc+i if k is odd, 
A 2 k if k is even. 

This defines a positive invertible operator d\ such that 

Zt ® h Z 2 c(R + t° 2 h {\)) ® h (C + i° 2 h {\)) , 

where the former is clearly cb-complcmcntcd in the latter. According to Lemma 
12.121 we conclude that Z x Cg^ Z 2 can be regarded as a completely complemented 
subspace of the direct limit 

n>l 

for some n.s.s.f. weight ip on B{£ 2 ). It remains to construct a completely isomorphic 
embedding from K.i t2 (tp) into Li(A) for some QWEP algebra A. To that aim, 
letting the constants is such cb-embedding a little perturbation, we may assume 
without loss of generality that the numbers k„ = ip n (q n ) are non-decreasing positive 
integers since we may approximate each k n to its closest integer. This will allow 
us to apply Lemma \'2. 1 II below. Now, in order to cb-embed /Ci^VO m t° Li(A), it 
suffices to construct a cb-embedding of K,i, 2 (ip n ) into Li(A' n ) for some A' n being 
QWEP and with relevant constants independent of n. Indeed, if so we may consider 
an ultrafilter U containing all the intervals (n, oo), so that we have a completely 
isometric embedding 

iCi, 2 (t/j) = I J K,i, 2 (ip n ) — > TT iCi t2 (ip n ). 

n>l 

Then, according to |41| , our assumption provides a cb-embedding 
KiM - LM) with A=(j[ n U A^y. 

Moreover, we know from that A is QWEP provided the A' n 's are. Therefore, 
it remains to construct the cb-embeddings /Ci^VVi) — > ii(^). This follows from 
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the cb-embedding JT] of OH into L\{B) for some QWEP type III factor B and 
from Lemma 12. Ill 

Ki, 2 (>£> n ) Li(^l n ;OH k „) -> Li(^„®B) = L P (^J. 

Let us show that is QWEP. The algebra A n is the free product of k„ copies of 
M„ © M„. Therefore, since we know after [TT] and [E] that the QWEP is stable 
under free products and tensor products, A' n = A n ® B is QWEP. □ 

Corollary 2.13. S q cb-embeds into Li(A) for some QWEP algebra A. 

Proof. Using the complete isometry 

S q = C q (&h Rq, 

the assertion follows combining Lemma ll. II and Theorem \C\ □ 

3. Mixed norms of free variables 

In this section we present a variation of the free Rosenthal inequality |18j . This 
is the main result of |lf>| and will be a key point to prove the complete embedding of 
L q into L p in the general case. Its statement forces us to introduce some new classes 
of noncommutative function spaces. The motivation comes from our construction 
in the previous section and some classical probabilistic estimates. 

3.1. Conditional L p spaces. Inspired by Pisier's theory [33J of noncommutative 
vector- valued L p spaces, several noncommutative function spaces have been recently 
introduced in quantum probability. The first insight came from some of Pisier's 
fundamental equalities, which we briefly review. Let Af± and A/2 be two hyperfinitc 
von Neumann algebras. Given 1 < p, q < 00, we define 1/r — \l/p — l/q\. If p < q, 
the norm of x in L p (Afi] Lq^M^)) is given by 




If P > 9, the norm of x e L p {M\\ L q (Af 2 )) is given by 



(3-2) sup|||a^/3|| i9(Ari ^ 2 ) I a,f3e B i2r(J vi)|. 

The hyperfiniteness is an essential assumption in |33|. However, when dealing 
with mixed L p (L q ) norms, Pisier's identities remain true for general von Neumann 
algebras, see \21\ . On the other hand, the row and column subspaces of L p are 
defined as follows 

n 

R;(L p (M)) = {5> fe ® ei fc I x k G L P {M)) C L p (M®B{t 2 )), 
fc=i 

n 

C;{L P (M)) = {Y,Xk®e kl \ x k G L P (M)] c L p (M®B(e 2 )), 

k=l 

where (e,j) denotes the unit vector basis of B(£ 2 ). These spaces are crucial in 
the noncommutative Khintchine/Rosenthal type inequalities 121 121] and in 
noncommutative martingale inequalities ^Hl EH EE] , where the row and column 
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spaces are traditionally denoted by L p {M.\i r ^) and L p {M.;l^). The norm in these 
spaces is given by 



^x fe (g) eik 
fc=i 

n 

® efci 

fc=i 



fe=l 

n 

fc=l 



L P (A4) 
L P (A4)' 



C"(L P (A4)) 

Remark 3.1. In what follows we shall write 

R;(L P (M)) = L P (X; i?; 1 ) and C$(L P {M)) = L P (M; C%). 

Now, let us assume that AT is a von Neumann subalgebra of M. and that there 
exists a n./. conditional expectation E : M. — > A/". Then we may define L p norms 
of the conditional square junctions 



n i n 

(^E(x fc xt.)) 2 and (^E(x£x fc ) 

fc=i 



fc=i 



The expressions E^a^) and E(xfcXfc) have to be defined properly for 1 < p < 2, 
see ^01 or Chapter 1 of JHj- Note that the resulting spaces coincide with the row 
and column spaces defined above when AT is M. itself. When n — I we recover the 
spaces L p (A4, E) and L p (A4, E), which have been instrumental in proving Doob's 
inequality j^j, see also (20) for more applications. In particular, taking .M®„ to be 
the n-fold direct sum M.®M.®- ■ -@AA and considering the conditional expectation 



fc=i 



x k ®5 k e M ( 



fe=i 



(3.3) 



we easily obtain the following isometric isomorphisms 

L P (M;R;) = ^L r p (M Bn ,£„), 

L P (M;C;) = ^L c p (M &n ,£ n ). 

We have already introduced L p (L q ) spaces, row and column subspaces of L p and 
some variations associated to a given conditional expectation. The careful reader 
may have noticed that many of these norms have been used in Section [21 Now we 
present a unified approach for this kind of spaces. All the norms considered so far 
fit into more general families of noncommutative function spaces, which we now 
define. Let us consider the solid K in R 3 defined by 



K 



{(l/u,l/v,l/q) 



2 < u, v < oo, 



1 < q < oo, l/u+ l/q+ l/v < lj. 



Let M be a von Neumann algebra equipped with a n.f. state ip and let Af be a 
given von Neumann subalgebra with corresponding conditional expectation E. The 
amalgamated and conditional L p spaces are defined as follows. 

(i) Let (1/u, l/v, 1/q) £ K and take 1/p = 1/u + 1/q + l/v. Then we define 
the amalgamated L p space associated to the indices (u, q, v) as the subspace 
L u (Af)L q (M)L v (Af) of L P (M). The norm is given by 



inf 



{\\ a \\L u W)\\y\\L q (M)\\P\\L v (M) | x = ay/3 1 . 
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(ii) Let (1/u, 1/v, 1/p) G K and take 1/s = l/u + l/p + 1/v. Then we define 
the conditional L p space associated to the indices (u, v) as the completion 
of L p (A4) with respect to the following norm 



The reader is referred to \Fg\ for a much more detailed exposition of these spaces. 
In the following, it will also be useful to recognize some important spaces in the 
terminology just introduced. Here are the basic examples of amalgamated and 
conditional L p spaces. The non-trivial isometric identities below, which will be 
used in the following with no further reference, are proved in 

(a) The spaces L p (M) satisfy 



L P (M) = L 00 (AA)i p (X)i 00 (AA) and L P (M) = L p [oooo) (M, E). 

(b) The spaces Lp(Mi;L q (M 2 )): 

• If P < q and 1/r = 1/p — 1 / q, we have 

L p (Afi; L q (Af 2 )) = L 2r (M )L q (Mi ®Af 2 )L 2r (M ) . 

• If P > Q and 1/r = l/q — 1 /p, we have 

Lp(M x ;L q {M 2 )) = ^ 2r 2r) (M®AA 2 , E), 

where E : A/i(§)A/2 — > A/i is given by E = id^i ® W 2 ■ 

(c) The spaces L r p (M, E) and E): 

• K 1 < P < 2 and 1/p = 1/2 + 1/s, we have 

Up{M,E) = i s (AA)i 2 (Al)L 00 (AA), 
^(M,E) = L 00 (N)L 2 {M)L S (N). 

• If 2 < p < oo and l/p+ 1/s = 1/2, we have 



By (13.3(1 . we have also representations for L p (M., R p ) and L p (M,C p ). 

(d) Along the paper, we shall also find representations of asymmetric spaces 
L( u ,v)(-M) (a non-standard operator space structure on L p defined below 
which will be crucial in this paper) in terms of either amalgamated or 
conditional L p spaces. This will be a key point since we need to handle 
spaces of the form S p {Lr u v \(M)). The use of amalgamated L p spaces or 
conditional L p spaces depends on the sign of the term 1/u + 1/v — 1/p. 

Now we collect the complex interpolation and duality properties of amalgamated 
and conditional L p spaces from |16| . Our interpolation identities generalize some 
previous results by Pisier |31j and very recently by Xu |53j . We need to consider 
the following subset of the solid K 



K = <^ (1/u, 1/v, l/q) G K I 2 < u,V < oo, 1 < q < oo, 1/u + l/q + 1/v < 1 




l;(m,e) 

L C JM,E) 



^L,*)( M ' E )- 
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Theorem 3.2. The following properties hold: 

a) If (l/u, l/v, l/q) e K, L u (Af)L q (M)L v (Af) is a Banach space. 

b) // (1/ Uj , 1/vj, 1/qj) e K for j = 0,l and 

(l/u e ,l/veA/qe) = I 1 ~ * ~ 9 \W u h V«i> V*). 

3=0,1 

the space L U/j (Af)L qg (M)L Ve (Af) is isometrically isomorphic to 
L U0 (JV)L qo (M)L V0 (TV), L U1 {N)L qi (M)L Vl (M)} . 

c) If (l/u, 1/v, l/q) £ Kq and 1 — 1/p = l/u + 1/g + l/v, we /iave 

(L u {N)L q {M)L v {N))* = L'[ uv) (M, E), 

(L^(M, E))* = L u {N)L q {M)L v {M). 

d) 7n particular, we obtain the following isometric isomorphisms 



IF , 



_ L Po 



(ue,ve) 



(M,E). 



In the following result we list some particular cases of Theorem 13.21 under the 
restriction po = Pi, since these are the main interpolation identities used in this 
paper. The case where both po and pi are oo is excluded in Theorem 13.21 That 
case was stated in Lemma 12.51 above and the proof was also given in . 

Corollary 3.3. If2<p< oo, we set 

{l/u, l/v) = (0/q, (l-0)/q) for < 6 < 1 and q given by 1/2 = 1/p + l/q. 

Then, the following isometric isomorphisms hold 

[l p (m),l;(m,e)] 6 
[l;(m,e),l p (m)] 9 
[l p (m,e),l;(m,e)] 9 

3.2. A variant of free Rosenthal's inequality. In this paragraph we study a 
variation of the free Rosenthal inequality |18| . which will be applied in the sequel. 
Intersection of L p spaces appear naturally in the theory of noncommutative Hardy 
spaces. These spaces are also natural byproducts of Rosenthal's inequality for 
sums of independent random variables. Let us first illustrate this point in the 
commutative setting and then provide the link to the spaces defined above. Let 
<?i> 9ii ■ ■ ■ > ffn be a finite collection of independent random variables on a probability 
space (fi, /i). If £i, £2, • • • , £n is an independent family of Bernoullis equidistributed 
on ±1, the Khintchinc inequality implies for < s < oo that 



if 


(M,E) 




(M,E) 


if > 

[u,v) 


(M,E) 



n 



fe=i 



Therefore, Rosenthal's inequality 



''dfij 3 ~ c . i|E 

Efcfffc 

fc=l 

3 gives for 2 < s < oo 



(3.4) 



P n si to 

/ [ENf^) 7 ~c,(E 

Jfl k=l k=l 



\9k\ 



(Ell»H> 

fe=i 
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Now, given 1 < q < p < oo and an independent family f± , f% , . . . f n of p-integrable 
random variables, we define g k = \f k \ q/2 for 1 < k < n. Then we have the following 
identity for the index s = 2p/q 

an El f n s. 

[EiM 9 ] ? ^) F = (/ [Eh 2 ]V 
- ! fe=i Jn k=i 

Since the g k s are independent and 2 < s < oo, l|3.4() and l|3.5[l give 

an El n 1 71 

(Eim 9 ) ? ^)^c p (Eiimi^ + (Eiimi^ 
1 k=l k=l fe=l 

In particular, (S pg ) provides a natural way to realize the space 

=n^L p (fl)nn^L q {Q) 

as an isomorph of a subspace of L p (f2; More precisely, if /i, f%, . . . , /„ are taken 
to be independent copies of a given random variable /, the right hand side of (S P9 ) 
is the norm of / in the intersection space J7^ 9 (fi) and inequality provides an 

isomorphic embedding 

/ G ^ a («) - (A, /a, ■• .,/») G L p (n ; ^). 

Quite surprisingly, replacing independent variables by matrices of independent 
variables in (E P9 ) requires to intersect four spaces using the so-called asymmetric 
L p spaces. In other words, the natural operator space structure of Jp q comes from 
a 4-term intersection space. This phenomenon was discovered for the first time in 
[TH] and we have already met it in Section[2 To justify this point, instead of giving 
precise definitions we note that Holder inequality gives L p = L2 P L2 P , meaning that 
the p-norm of / is the infimum of ||^||2p||^||2p over all possible factorizations / = gh. 
If L r 2p and L\ p denote the row and column quantizations l|2.8Jl of L2 P , the operator 
space analogue of this isometry is given by the complete isometry 

Lip — J^2p n 2p- 

This will be further explained below. In particular, according to the algebraic 
definition of L p (£ q ), the intersection space J pq has to be redefined as the product 

According to we find 

(3.6) J£ q = n^L r 2p L c 2p n n^+nU 2p Ll q n L r 2q L^ 2p n n\U 2q L c 2q . 

Of course, these notions are not rigorously defined and will be analyzed in more 
detail below. Our only aim here is to motivate the forthcoming results. Let us now 
see how the space in H3.6II generalizes our first definition of J pq {VL"). On the Banach 
space level we have the isometries 

L r 2p L c 2q = L s = L r 2q L c 2p with l/a = l/2p + l/2g. 

Moreover, again by Holder inequality it is clear that 

ri'Wfh < naax|n^||/||p,n«||/||g|. 

Therefore, the two cross terms in the middle of (|3.()|l disappear in the Banach space 
level. However, as we shall see in this section, in the category of operator spaces 
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all the four terms have a significant contribution. The operator space/free version 
of (E P q) is the main result in It is worthy of mention that this result goes a 
bit further than its commutative counterpart. More precisely, in contrast with the 
classical case, we find a right formulation for (Soog)- Indeed, as it happens with 
the Khintchine and Rosenthal inequalities, the limit case as p — > oo holds when 
replacing independence by Voiculescu's concept of freeness Unfortunately, 
the techniques for (p,q) = (oo, 2) used in Section do not apply in the general 
case and the arguments in become more involved. This is mainly because a 
concrete Fock space representation does not seem available for L p (A) with A a free 
product algebra and p < oo. Therefore, a purely free proof of (£ pg ) seems out of 
the scope by now. Nevertheless, since we shall need to be familiar with the results 
in [lfij . we summarize them here. We observe in advance that all the spaces and 
results presented in this paragraph for 1 < q < p < oo are consistent with their 
corresponding versions for (p,q) = (oo,2) used in Section [21 

Now, if 2 < u,v < oo and 1/p = 1/u + 1/v for some 1 < p < oo, we define the 
asymmetric L p space associated to the pair (u, v) as the .M-amalgamated Haagerup 
tensor product 

(3.7) L (UiV) (M) = L r u (M)® M ,hL c v (M). 

That is, we consider the quotient of L[ l (A4) ®h L%(Ai) by the closed subspace X 
generated by the differences £17 ® x 2 — x\® 7^2 with 7 E M. Recall that the row 
and column operator space structures on L U (M) and L V (M) have been already 
defined in 1)2.8(1 . By a well-known factorization argument, see e.g. Lemma 3.5 in 
[33] . the norm of an element x in L( u lV )(A4) is given by 

\\ x \\(u,v) = ' mi J a \\L u (M)\\P\\L v (M)- 

Remark 3.4. We have a complete isometry L p (A4) = L( 2 p,2p){-M). 

Remark 3.5. Asymmetric L p spaces were introduced in ^Hl for matrix algebras. 
In fact, if M is the algebra M m of to x to matrices, we define the asymmetric 
Schatten p- class as follows 

As observed in |16| . this definition is consistent with our definition l|3.7() . 

According to the discussion which led to (|3.6|l . we know how the general aspect 
of J p ^ q (M) should be. Now, equipped with asymmetric L p spaces we know how to 
factorize noncommutative L p spaces in the right way and define 

^ q (M)= f) n*+4 (M). 

u,v£{2p,2q} 

The following result generalizes l(2.1()|l . see ^] for the proof. 
Lemma 3.6. // we take 

M m =M m (M) and E m = idu m ® <P ■ M m M m 
for to > 1 and consider the index 1/r = \/q — 1/p, we have an isometry 

S p (J p n q (M)) = p| niHH L p (u v) (M m , E m ). 

u, , uG{2r,oo} 



OPERATOR SPACE EMBEDDING OF L q INTO L p 



31 



Remark 3.7. According to Lemma fa.fil we set 

iA,v£{2r,oc} 

Lemma 13.61 shows us the way to work in what follows. Indeed, instead of working 
with the o.s.s. of the spaces J pq {M.), it suffices to argue with the Banach space 
structure of the more general spaces Jp q {M., E). In this spirit, for 1 < q < p < oo 
we set 1/r = 1/q — 1/p and introduce the spaces 

Tl^ q (M,E) = n^L 2p (M) n«wL^ ) (M,E), 

(%,, 9 (M,E) = n^L 2p (M) nn*i* Jr) (M,E), 

Remark 3.8. Let (Xi, X2) be a pair of operator spaces containing a von Neumann 
algebra M. as a common two-sided ideal. We define the amalgamated Haagerup 
tensor product Xi ®M,h X2 as the quotient of Xi <g>/j X 2 by the closed subspace J 
generated by the differences xij x 2 — x\ (8 7^2 with 7 e M. This notion has 
already been used above in the definition of asymmetric L p spaces. Let us write 
Xi ®m X2 to denote the underlying Banach space of Xi ®M,h X2. Our definition 
uses the operator space structure of the X^-'s since the row (resp. column) square 
functions are not necessarily closed operations in Xi (resp. X2). However, in the 
sequel it will be important to note that much less structure on (Xi,X2) is needed 
to define the norm in Xi ®m X2. Indeed, we just need to impose conditions under 
which the row and column square functions become closed operations in Xi and 
X 2 respectively. In particular, this is guaranteed if Xi is a right .M-module and X2 
is a left .M-module, see Chapter 6 of ^B] for further details. Therefore, we may 
define the Banach space 

K^ q (M,E)® M C^ q {M,E). 

The theorem below collects the key results in |lfi| . 
Theorem 3.9. The following isomorphisms hold: 

a ) If 1 < V 5= 00 and 1/q = 1 — 9 + 9/p, we have 

[ni tl (M,E),n^ tP (M,E)] d ~ n Ptq (M,E), 

[C^ pA (M,E),C^ p (M,E)] e ~ C2 M (M,E), 

b) If 1 < p < 00, we have 

[Kl A (M,E),C2 pA (M,E)] e ~ f) n^+^L 2 ^ ^(M,E). 

u.v£ {2p f ,00} 

c ) If 1 < q < P < oo? we have 

j£ q (M, E) ~ H% p JM, E) ® M C^ q (M, E). 

d) If 1 < p < 00 and 1/q = 1 — 9 + 9 /p, we have 

J£ q (M, E) ~ [J p ,i(M, E), Jp tP (M, E)] g . 

Moreover, the involved relevant constants are in all cases independent of n. 
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Of course, the main result in the proof of the free analogue of (S pq ) is the last 
interpolation isomorphism in (d). In contrast with the case (p, q) = (oo, 2), its proof 
does not follow from (b) but from the combination of (a) and (c). Indeed, the right 
hand side of (b) only gives a J'-space when 9 — 1/2. This is related to Remark 
12. 101 above. The following corollary gives the free analogue of (S p9 ) in the operator 
space case (J£ q {M.) spaces) and in the amalgamated case {J Ptq {M, E) spaces). To 
that aim we take again A& = M. ® M. for 1 < k < n. 

Corollary 3.10. If An = *AfAfc, the map 

n 

u:xe J£ q (M, E) h-> ^2 x k ® S k e L p {Au\ t n q ) 
fe=l 

is an isomorphism with complemented image and constants independent of n. In 
particular, replacing as usual (M,Af,E) by (M m , M m , E m ) and replacing Aj^ by 
the non- amalgamated algebra Ac — Ai * A2 * • ■ • * A„, we obtain a cb-isomorphism 
with cb- complemented image and constants independent of n 

n 

a : x e Jp, q (M) L p (A c ;£ q )- 

k=l 

4. Construction of the main embedding 

Now we have all the tools to prove our main result. In the first paragraph we 
embed the Schatten class S q into L p (A) for some QWEP von Neumann algebra 
A. Roughly speaking, the proof is almost identical to our original argument after 
replacing Corollarv l2.9l bv Corollarv l3.10l In particular, we shall omit some details 
in our construction and include some others, such as the proofs of Lemmas 14.21 
and 14.51 which we applied in our proof of Theorem El The second paragraph is 
devoted to the stability of hyperfiniteness and there we will present the transference 
argument mentioned in the Introduction. Finally, the last paragraph contains our 
construction for general von Neumann algebras. 

4.1. Embedding Schatten classes. We being by embedding the Schatten class 
S q into L p (A) for some QWEP von Neumann algebra. In fact, we shall prove a 
more general statement (a generalization of Theorem Q for which we need some 
preliminaries. Although the following results might be well-known, we state them 
in detail since they will be key tools in our construction. The next lemma has been 
known to Xu and the first-named author for quite some time. We refer to Xu's 
paper |51| for an even more general statement than the result presented below. 

Lemma 4.1. Given 1 < p < 00 and a closed subspace X of R p (S2 OH, there 
exist closed subspaces H\, TI2, /Ci,/C2 of £2 and an infective closed densely- defined 
operator A : JC\ — > IC2 with dense range such that 

X ~cb "Hi,r t ©2 Ti-2,oh ©2 graph{A), 

where the graph of A is regarded as a subspace of K,i^ rp ©2 ^2,0/1 and the relevant 
constants in the complete isomorphism above do not depend on the subspace X. 
Moreover, e same result can be written in terms of column spaces. 

In the following, we shall also need to recognize Pisier's operator Hilbert space 
OH as the graph of certain diagonal operator on £2- More precisely, the following 
result will be used below. 
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Lemma 4.2. Given 1 < p < oo, there exists a sequence Ai, A2, . . . in R+ /or which 
the associated diagonal map A\ — ^2 k XkCkk '■ R P — ► OH satisfies the following 
complete isomorphism 

OH ~ cb graph(dx). 

Proof. Let us define 

u : S k S OH i-> (A^tffe, 4) € graph{A\). 

The mapping u establishes a linear isomorphism between OH and graph(d\). The 
inverse map of u is the coordinate projection into the second component, which 
is clearly a complete contraction. Regarding the cb-norm of u, since graph(d\) is 
equipped with the o.s.s. of R p ©2 OH, we have 

\\u\\ cb = \fl + e 

with £ standing for the cb-norm of d A -i : OH — > R p . We claim that 

so that it suffices to take Ai, A2, • •• large enough to deduce the assertion. Indeed, 
it is well-known that the inequality above holds for the map d^-i : OH — > R and 
also for d^-i : OH — > C. Therefore, our claim follows by complex interpolation. □ 

Remark 4.3. The constants in Lemma 14.21 are uniformly bounded on p. 

The main embedding result in Xu's paper |51| claims that any quotient of a 
subspace of C p ffi p R p cb-embeds in L p (A) for some sufficiently large von Neumann 
algebra A whenever 1 < p < 2. In particular, ifl<]3<<7<2, both R q and C q 
embed completely isomorphically in L p (A) since both are in QS(C P ffi p R p ). The 
last assertion follows as in Lemma fl.ll More precisely, Xu's construction can be 
done either with A being the Araki- Woods quasi-free CAR factor and also with 
Shlyakhtenko's generalization of it in the free setting |45|. In any case, A can be 
chosen to be a QWEP type IIIa factor, < A < 1. In our first embedding result of 
this section, we generalize Xu's embedding. 

Theorem 4.4. If for some 1 < p < 2 

(Xi,X 2 ) e QS{C P ffi 2 OH) x QS{R P ffi 2 OH), 

there exist a cb-embedding Xi X2 — > L p (A), for some QWEP algebra A. 

The rest of this paragraph is devoted to the proof of Theorem 14.41 which is 
formally identical to our proof of Theorem [CJ In the first part of the proof, we 
reduce the problem to the particular case where both Xi and X2 are quotients over 
certain (annihilators of) graphs. 

Part I of the proof of Theorem 14.41 By injectivity of the Haagerup tensor 
product, we may assume that (Xi,X 2 ) <E Q(C P © 2 OH) x Q(R P © 2 OH). On the 
other hand, recalling that C p = R* = R p > for 1 < p < 00, we easily obtain from 
Lemma k.ll and duality the following cb- isomorphisms 

Xi ~ cfc Hn, Cp © 2 Hu,oh ©2 ((£ll,c p ©2 /Ci 2i0/! .)/ 5 rrap/i(A 1 ) ± ) , 

X 2 ~ cfc U 2 l,r p ©2 H 2 2 : o/i ©2 ((^21,r p ©2 oh) / 9 ra Ph(M)) , 
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for certain subspaces 7iij,K.ij (1 <i,j< 2) of l 2 and 

A-l : K-ll, c p , - * fcl2,oh, 
A2 : ^-21,r p / - * 1^-22, oh, 

satisfying the properties stated in Lemma f4. II Let us set 

Zi = (lCn, Cp ©2 JCi2,oh) / graphlKi)^ , 

Z 2 = (JC 2 i, rp ©2 l^22,oh) / graph(A 2 ) ± . 
Then, we have the following cb-isometric inclusion 
(4.1) X 1 ® h X 2 C Z 1 ® h Z 2 

©2 ni hCp ® h x 2 

©2 Ul 2 ^oh ®h Z 2 
©2 Zi<g) h H 22 ,oh 
©2 ^12,o/t <8>/i T~i22,oh- 

Our reduction argument is quite similar to that in Theorem O Indeed, according 
to [S3 we know that OH £ QS{C P (B P R p ) and that any element in QS{C P (B P 
completely embeds in L p (A) for some QWEP type III factor A. This eliminates 
the last term in 1)4.1(1 . The second and third terms embed into S p (Xi) and S P (X 2 ) 
completely isometrically. On the other hand, since OH G QS(C P ffi p R p ) and we 
have by hypothesis 

Xi S QS(C P ® 2 OH) and X 2 S Q5(i? p ® 2 OH), 

both and X 2 are cb-isomorphic to an element in QS(C p ® p R p ). Applying Xu's 
theorem |51] one more time, we may eliminate these terms. Finally, for the fourth 
and fifth terms on the right of l|4. lfl . we apply Lemma f4. 21 and the self-duality of 
OH to rewrite them as particular cases of the first term Z\ <g>/j Z 2 . □ 

Before continuing with the proof, we need more preparation. The following 
discretization result might be also well-known. Nevertheless, since we are not aware 
of any reference for it, we include the proof for the sake of completeness. 

Lemma 4.5. Given 1 < p < 00 and a closed densely- defined operator A : R p — > OH 
with dense range in OH, there exists a diagonal operator d\ = ^2 k Xkekk on l 2 such 
that, when regarded as a map A\ : R p — > OH, we obtain 

graph(d\) ~ cb graph(A). 

Moreover, the relevant constants in the cb-isomorphism above do not depend on A. 

Proof. Let us first assume that A is positive. Then, since R p is separable we deduce 
from spectral calculus (221 that there exists a a-finite measure space (il, T ', \x) for 
which A is similar to a multiplication operator 

M f : La(n) -> L 2 (0). 

Thus we may assume A = Mf. Now, we employ a standard procedure to create 
a diagonal operator. Given S > 0, we may approximate the function / by an 
infinite simple function g = J2k(^)^kS<f<(k+i)S- Replacing / by g yields a 1 + S 
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cb-isomorphism graph(Mj) ~ c h graph(M g ). Therefore, defining the measurable 
sets 

n k = | io e n | fc<5 < /h < (fc + 1)5}, 

we have that L2(Jlk) is isomorphic to (.i(nk) with < rife = dimL2(^fc) < 00. 
Choosing an orthonormal basis for L2(f2fc), we find that M g is similar to d\ where 
\k = kd with multiplicity n^. This gives the assertion for positive operators. If A is 
not positive, we consider the polar decomposition A = u|A|. By extension we may 
assume that it is a unitary. Thus, we get a cb-isometry graph(A) ~ cb graph(\A\). 
Thus, the general case can be reduced to the case of positive operators. □ 

We now proceed as above. Given a sequence 71, 72, . . . € K+, the diagonal map 
d 7 is regarded as the density of a n.s.s.f. weight ip on B{l<i). We also keep the same 
terminology for q n , ip n , k„, ip n , . . . If 1 < p < 2, we define the space J p i ,2(^0) as the 
subspace 

{( d i zd i> d t zd L d i zd i> d i z 4j 1 z e inB{i 2 ) qn ) 

of the direct sum 

£« = (q« ® h R™) e 2 (cp ® fc oh„) e 2 (oh„ ® h r;,) e 2 (oh„ ® h oh„). 

In other words, we may regard J v i ,2(^*1) as an intersection of some weighted forms 
of the asymmetric Schatten classes (see Remark 13 . 5|) considered above. Now we 
generalize Lemmas 12 . Ill and 12 . 1 21 to the present setting. Let us consider the dual 
space ICp^tyn) = Jp' ^(VO* ■ We assume as above (without lost of generality) that 
k n = Ylu—i 7fc is an integer and define An as in Lemma |2.11l If ttj is the natural 
embedding into the j-th component of A n and we set Xj = Ttj(x, —x), the following 
result is the L p version of Lemma 12.111 

Lemma 4.6. The mapping 

1 k„ 

uj : x € JCp^(ip n ) h-> — }^Xj ® Sj € L p (A n ; OH k J 

3=1 

is a cb-embedding with cb- complemented image and constants independent of n. 

Proof. The complete isometry J p < ,2{4>n) = Jj\^MnB{l2)q n ) is all what we need 
since the argument is completed as in Lemma 12.111 replacing the use of Corollary 
12.91 by its generalized form given in Corollary I3.1UI On the other hand, we may 
rewrite the space Sp',2{^n) using the language of conditional L p spaces. Indeed, let 
us consider the von Neumann algebra M. n = q n B(£2)q n equipped with the state ip n 
which arises from the relation ip n — k„(p„. Then the space J p i ^(VvO has the form 
(see Remark 13.511 

L P /(M„) n k r F + *L (2j/ ,4)(.M™) n kl +5 ^L (W )(A*n) n klL {AA) {M n ). 

This is exactly the definition of J p r 2 {<lnB{(-2)qn) and the proof is complete. □ 

Lemma 4.7. // Ai, A2, . . . € K+, we set 

R p ,n£° h (\) = span{(4,A fc 4) e ©2 Oh}, 
C p ,n£° 2 h (\) = span{(&,A fc &)€Cp/© 2 OH}, 



36 JUNGE AND PARCET 

R p + £° 2 h {\) = (Rp ®2 OH) / (Rp> n £f l (X)) X , 

c p + q h (X) = (c p ® 2 oh)/(c p , n^f(A)) x . 

Then, there exists a n.s.s.f. weight ip on 6(^2) such that 

{C p +if{\)) ® h (R p + t?{\)) = K p , 2 {i>) = (J K p ,2&n)- 

n>l 

Proof. Let us define 

q n (R P +i°2 h W) = {(qn(a),qn(b)) + (R P 'ne o 2 h W) ± \(a,b)eR p ® 2 0RY 

q n (C p +£° 2 h (X)) = {(q n (a),q n (b)) + (C p ,n£° h (\)) ± \(a,b)eC p ® 2 OE.y 

Arguing as in the proof of Lemma \2. 121 (q n (x) — > x as n — ► 00 in R p: OH, Cp), we 
may write the Haagerup tensor product (C p + £ 2 h (X)) ®/» (^p +^2 h (' ) 0) as the direct 
limit below 

U q n (c p + £° 2 h (X)) ® h q n (R p + £ 2 h (X)). 

n>l 

This reduces the problem to the finite-dimensional case. Arguing by duality, we 
have to show that q n (C p > n £ 2 h {Xj) ®/, q n {R P ' r\£% h W) = Jp'^fyn) f° r some n.s.s.f. 
weight where 

<?™(CV n^f(A)) = span{(e a , A,e,i) € C£ 2 OH„}, 

g n (-Rp' n £f (A)) = span^ey, Aj-ey) G R n p , ® 2 OH„}. 

Its Haagerup tensor product is the subspace 

sp&n{(eij,\jeij,\ieij,\i\jeij)\ = |(x, xd A , d x x, d x xd x ) | ie g„<8(4)«n} 

of the space C™, defined above. Then, we define 7*, G K+ by the relation 

\ k =ii~^ and x = d~fxd~f, 

where t/> is the n.s.s.f. weight induced by d 7 . This gives the space 

qn(Qp(X)) ® h q n {Q r p ,(X)) = {{d^zdf^d^zd^d^zdf^d^zdlj}. 
The space on the right is by definition ^f p > ,2(^1) ■ This completes the proof. □ 

Part II of the proof of Theorem 14.41 By Lemma f4. 51 we may assume that the 
graphs appearing in the terms Z\ and Z 2 are graphs of diagonal operators d\ x and 
c!a 2 . By polar decomposition, perturbation and complementation (as in the proof 
of Theorem [0 via Lemmas 14.21 and 14.511 , we may assume that 

Z x = C p + £° 2 h (X), 
Z 2 = R p + £° 2 h (X), 

with Ai, A 2 , • • • £ K+ strictly positive. According to Lemma f4. 71 we conclude that 
Z\ Z 2 can be identified with IC p , 2 (ip) for some n.s.s.f. weight ip on B(£ 2 ). It 
remains to construct a complete embedding of /C Pj 2(V0 m t° L p (A) for some QWEP 
algebra A. To that aim, we assume without loss of generality that the k„'s are 
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integers. This allows us to proceed in the usual way. Namely, we first embed 
fcp,2{ip) m to an ultraproduct 

n>X 

According to this reduces the problem to the finite-dimensional case, which 
follows from Xu's cb-embedding |^ of OH into L p {B) for some QWEP type III 
factor B and from Lemma 14.61 

£p,a(VO -» i P (An OH k J -> Lp^gB) = LpOO- 
We have therefore constructed a cb-embedding 

Zi® fc 2i,-»Lp(X) with A = (n„ M ^*)*- 

The fact that A is QWEP is justified as in the proof of Theorem IO □ 

Corollary 4.8. S q cb-embeds into L p (A) for some QWEP algebra A. 

Proof. Since S q = C q 0/j R q , it follows from Lemma fl. II and Theorem 14.41 □ 

4.2. Embedding into the hyperfinite factor. Now we want to show that the 
cb-embedding S q — > L P (A) can be constructed with A being a hyperfinite type III 
factor. Moreover, we shall prove some more general results to be used in the next 
paragraph, where the general cb-embedding will be constructed. We first establish 
a transference argument, based on a noncommutative form of Rosenthal's inequality 
for identically distributed random variables in L\ from |13|. which enables us to 
replace freeness by some sort of independence. 

Let Af be a a-finite von Neumann subalgebra of some algebra A and let us 
consider a family Ai, A2, . . . of von Neumann algebras with Af C A& C A. As usual, 
we require the existence of a n.f. conditional expectation E^r : A — > Af . We recall 
that (Afc)fc>i is a system of indiscernible independent copies over Af (i.i.c. in short) 
when 

(i) If a e (Ai, A 2 , . . . , Afe_i) and 6 e At, we have 

£^f{ab) = E A f(a)E fi /(b). 

(ii) There exist a von Neumann algebra A containing Af, a normal faithful 
conditional expectation Eo : A — > Af and homomorphisms nk : A — > Afe 
such that 

Eat o 7r fc = E 

and the following holds for every strictly increasing function a : N — > N 

^■Af( n jii a l) " " • 7r jm( a m)) = EA^(7I"a(ji)( a l) - • • 7r a(j m )(«m))- 

(iii) There exist n.f. conditional expectations £k ■ A — > A^ such that 

Eaa = Eott^" 1 ^ for all fc > 1. 

We shall say that (Ak)k>i are symmetrically independent copies over Af (s.i.c. in 
short) when the first condition above also holds for a in the algebra generated by 
Ai, . . . , Afe_i, Afc + i, . . . and the second condition holds for any permutation a of the 
integers. In what follows, given a probability space (fi, fj,), we shall write £\,£2, . . . 
to denote an independent family of Bernoulli random variables on 51 equidistributed 
on ±1. We now present the key inequality in [T5] . 
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Lemma 4.9. The following inequalities hold for x G £i(A) : 
a) If (Ak)k>i are i. i.e. over N , we have 



p n 

/ || y^£fc7Tfc(:z) 
Jn " fe=l 



Li(A) 

inf n||a|| Ll(A ) + y/n\\ E (bb*)? \ 



x =a+b+c " ■ " - ■ ''iiW r V »||MJV-^ || il(Ar) - 

b) If moreover, E (x) = and (Afc)j.>i are s.i.c. over M , then 



k=l 



Li(A) 



inf n||a|| Ll(A ) + Vn E (66*)2 

a:— a+o+c 



Ii(AO 



^||E (c*c)^ 



Proof. We claim that 



1 



k=l 



k=l 



< 



Li(A) 



2|^7r fc (x) 
fc=l 



Li(A) 



for any choice of signs e\, £2, ■ ■ ■ , s n whenever Ai, A2, . . . are symmetric independent 
copies of A over M and Eo(a;) = 0. This establishes (a) =>• (b) and so, since the 
first assertion is proved in |13j , it suffices to prove our claim. Such result will follow 
from the more general statement 



V"e fe 7r fe (x fe ) < 2 VV fe (a; fe ) 

fe=i Ll{A} ' 



k=l 



Li(A) 



for any family X\,X2, ...,x n in L\(A) with Eo(xk) = for 1 < k < n. Since we 
assume that Af is cr-finite we may fix a n.f. state tp. We define <j> = <p o Ejv and 
0o = ^ Eo. According to |3] we have 

erf o Eo = Eo o af° and af o Ejv" = Ejv" o af . 

Moreover, since Efj = Ew o £ k we find 4> = 4> o £ k which implies 

af o £ k = £ k o af . 

In particular, af(A k ) C A k for k > 1. Therefore, given any subset S of {1, 2, . . . , n} 
we find a ^-invariant conditional expectation E$ : A — > *4s where the von Neumann 
algebra As — (A k | k G S) . We claim that 

Es(7Tj(a)) = whenever Eg(a) = and j ^ S. 

Indeed, let b G ^4$ and a as above. Then we deduce from symmetric independence 

0(E s (^(a))6) = 0(^(0)6) = 0(E A r( 7 r J (a)6)) = 0(E o (a)E A A(6)) = 0. 

Thus we may apply Doob's trick 



fees 



ii(^) 



Li(A) 



k=l "' fc=l 

Then, the claim follows taking {1, 2, . . . , n} = Si U S_i with S a — {k : e k — a}. □ 
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Remark 4.10. The inequalities in Lemma 14.91 generalize the noncommutative 
Rosenthal inequality [2] to the case p = 1 for identically distributed variables 
and under such notions of noncommutative independence. Of course, in the case 
1 < p < 2 we have much stronger results from |191 I21| and there is no need of 
proving any preliminary result for our aims in this case. 

Let us now generalize our previous definition of the space K, Pj2 (?p) to general von 
Neumann algebras. Let M. be a given von Neumann algebra, which we assume 
(7-finite for the sake of clarity. Let M. be equipped with a n.s.s.f. weight ip. 
In other words, ip is given by an increasing sequence (a net in the general case) 
of pairs (tp n ,Qn) such that the g n 's are increasing finite projections in M. with 
lim n q n = 1 in the strong operator topology and af(q n ) — q n . Moreover, the 
ipn's are normal positive functionals on M. with support q n and satisfying the 
compatibility condition ip n+ i(q n xq n ) = ip n (x). As above, we shall write k ra for the 
number ip n (q n ) £ (0,oo) and (again as above) we may and will assume that the 
k„'s are nondecreasing positive integers. In what follows we shall write d^ n for the 
density on q n M.q n associated to the n.f. finite weight ip n . If 1 < p < 2, we define 
the space J p i , 2 {ip n ) as the closure of 

\{ d Z zd Z' d Z zd k> d k zd Z' d k zd k) I z e 1nMq n j 
in the direct sum 

Cp, = L p ,(q n Mq n ) ©2 L(2 P >,A){q n Mq n ) ©2 L(4,2p>)(QnMq n ) ©2 L 2 (q n Mq n ). 

In other words, after considering the n.f. state (p n on q n M.q n determined by the 
relation ip n = k n ip n and recalling the definition of the spaces Jp q {M.) from Section 
13 we may regard J^ P '. 2 (ip n ) as the 4-term intersection space 

J P ',2(^n)= P| k„- + " L( UtV )(q n Mq n ) = Jp" 2 (q n Mq„). 

u,ve{2p' ,4} 

Now we take direct limits and define 

n>l 

where the closure is taken with respect to the norm of the space 

L pl = L P ,{M) ffi 2 L {2p , A) (M) ffi 2 L (i , 2pl) {M) ffl 2 L 2 {M). 
To define the space IC p ^ 2 (ip) we also proceed as above and consider 

# n : L x {q n Mq n ) 

given by 

* n (x 1 ,x 2 ,x 3 ,x A ) = df n x x dY n +df n x 2 dl n +dl n x 3 df n +d$ n x A d* n . 
This gives ker^n = Jp'^i^n) an d we define 

1Cp, 2 {i>n) = £p/ker*„ and K p ,2{ip) = (J JC p , 2 (ip n ), 

n>l 
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where the latter is understood as a quotient of C p . In other words, we may regard 
the space rCp^ 2 (ip n ) as the sum of the corresponding dual weighted asymmetric L p 
spaces considered in the definition of J^p' t2 {ip n ) 

(4.2) JC p<2 (ip n ) = ^ k «" + " L (uA,)(qnMq n )- 

u,v£{2p,4] 

Thus, using -0„ = k„<y9„ backwards and taking direct limits 

/C p>2 (V0 = L P (M) + L (2pA) (M) + L (iap) {M) + L 2 (M), 
where the sum is taken in L p (A4) and the embeddings are given by 
j c (x) : x e L {2pA ){M) i ^ xd^£L p (M), 

j r (x) : X € £(4,2p) 

with /? = l/2p — 1/4, while the embedding of L 2 (M) into L p {M) is given by 

h(x) = d^xd^. 

Remark 4.11. It will be important below to observe that our definition of IC Pi2 (ip n ) 
is slightly different to the one given in the previous paragraph. Indeed, according 
to the usual duality bracket (x, y) = tx{x*y), we should have defined 

TCpfli^n) = kn~ l[U ' v) L [UtV) (q n Mq n ) with 7^, «) = —— + ——— 7. 

This would give JC Pt2 (i^ n ) = J p i t2 (ipn)* and 

ICpA^n) = j— X! k «" + " L (u,v)(lnMq n ). 

n u,i>S{2p,4} 

However, we prefer to use (|4.2[l in what follows for notational convenience. 

Now we set some notation to distinguish between independent and free random 
variables. If we fix a positive integer n, the von Neumann algebra A^ nd will denote 
the k n -fold tensor product of q n -Mq n while Af ree will be (as usual) the k n -fold free 
product of q n Mq n © q n M.q n . In other words, if we set 

A nj = q n Mq n and A nJ = q n Mq n © q n Mq n 
for 1 < 3 < < k„, we define the following von Neumann algebras 

■Ai n d = ®j A„j , 
A n * • A 

•^free ~ *] M »,J • 

We also consider the natural embeddings 

tt 7 ■ A ■ — » A n and 7T-' -A . ^ 4™ 
n ind ■ M "j * s^ind ALK1 71 free 1 "»>J -^/ree- 

We need some further information on OH. Given 1 < p < 2, Xu constructed in 
[BT] a complete embedding of OH into L p (A) with .4 hyperfinite, while for p — 1 
the corresponding cb-embedding was recently constructed in |13j . The argument 
can be sketched with the following chain 

OH (C* p ffip Rp)/graph((ix) X ~ cfc C p + R P (X) ^ L p (A). 

Indeed, arguing as in Lemma ll.l| /Remark 11.31 and applying Lemma 14.51 we see 
how to regard OH as a subspace of a quotient of C p (B P R P by the annihilator of 
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some diagonal map d\ : C p i — > R p > . By the action of d a , the annihilator of its 
graph is the span of elements of the form (5k, — Sk/^k)- This suggest to regard 
the quotient above as the sum of C p with a weighted form of R p . This establishes 
the cb-isomorphism in the middle. Then, it is natural to guess that the complete 
embedding into L p (A) should follow from a weighted form of the noncommutative 
Khintchine inequality. The first inequality of this kind was given by Pisier and 
Shlyakhtenko in |87| for generalized circular variables and further investigated in 
|18l I5U) . However, if we want to end up with a hyperfinite von Neumann algebra A, 
we must replace generalized circulars by their Fcrmionic analogues. More precisely, 
given a complex Hilbert space 7i, we consider its antisymmetric Fock space JF_i(7i). 
Let c(e) and a(e) denote the creation and annihilation operators associated with 
a vector e € H. Given an orthonormal basis (e±k)k>i of H and a family (/J,k)k>i 
of positive numbers, we set fk = c(efe) + /ij.a(e_fc). The sequence (/fc)fe>i satisfies 
the canonical anticommutation relations and we take A to be the von Neumann 
algebra generated by the /fc's. Taking suitable /Zfc's depending only on p and the 
eigenvalues of d\, the Khintchine inequality associated to the system of fk's provides 
the desired cb-embedding. Namely, let (f> be the quasi-free state on A determined 
by the vacuum and let be the associated density. Then, if (<5fc)/c>i denotes the 
unit vector basis of OH, the cb-embedding has the form 

i j_ 

w(6 k ) = 6= df f k df = £ fe /p, fc 

for some scaling factors {^k)k>i- The necessary Khintchine type inequalities for 
1 < p < 2 follow from the noncommutative Burkholdcr inequality (T^|. In the L\ 
case, the key inequalities follow from Lemma [4.91 see ^3] f° r details. With this 
construction, the von Neumann algebra A turns out to be the Araki- Woods factor 
arising from the GNS construction applied to the CAR algebra with respect to the 
quasi-free state <f>. In fact, using a conditional expectation, we can replace the /ife's 
by a sequence (A*i)fe>i such that for every rational < A < 1 there are infinitely 
many /i'^s with [)! k = A/(l + A). According to the results in pQ, we then obtain the 
hyperfinite type IIIi factor 1Z. 

On the other hand, there exists a slight modification of this construction which 
will be used below. Indeed, using the terminology introduced above and following 
there exists a mean-zero 7 P S L P (1Z) given by a linear combination of the / Pl fc's 
such that 

w ( S j) =^„d(7p) 
defines a completely isomorphic embedding 

w : OH kn — > L p (TZ® kn ) 

with constants independent of n. Here 7?.0k„ denotes the k„-fold tensor product 
of 1Z. Moreover, given any von Neumann algebra A, id L ^ <X> w also defines an 
isomorphism 

id L p (A) ® w ■ L P (A; OH k J ->■ L p (A®1l®k n ). 
Proposition 4.12. If 1 < p < 2, the map 

Cd : x E JCp.aty'n) £ 4nd( x ) ® 5 i e L p (Al ld : OH k J 
is a completely isomorphic embedding with relevant constants independent of n. 
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Proof. According to Corollary 13. 101 this is true for 

Cfree ■ X £ /C p , 2 (^„) h- £ rfreefa ~ X ) ® 5 J G L P M/ree ! 0H k„ ) ■ 
3=1 

Indeed, it follows from a simple duality argument (see ^5] or Remark 7.4 |16| ) 
taking Remark [4. Ill into account. According to the preceding discussion on OH, 
we deduce that 

n 
3=1 

also provides a cb-isomorphism. Now, we consider 

for 1 < i < k n . It is clear from the construction that both families of von Neumann 
algebras are s.i.c. over the complex field. Therefore, Lemma l4.9| /Remark 14.101 
apply in both cases (note that the mean-zero condition for the B„j's holds due to 
the fact that 7 P is mean-zero) and hence 

\\ids«> ®woQ ree (jc)\\ p ~ c \\ids?®w°&d(x)\\ p 

holds for every element x £ L p (M m (q n A4q n )^ . This completes the proof. □ 

Remark 4.13. Proposition 14. 1 21 can be regarded as a generalization of Lemma l4~o1 
for general von Neumann algebras, where freeness is replaced by noncommutative 
independence. Indeed, the only difference between both results is the factor l/k n , 
which is explained as a byproduct of Remark 14.111 

Remark 4.14. The transference argument applied in the proof of Proposition 
14.121 gives a result which might be of independent interest. Given a von Neumann 
algebra A, let us construct the tensor product Ai n d of infinitely many copies of 
A © A. Similarly, the free product A free of infinitely many copies of A A will be 
considered. Following our terminology, we have maps 

n Ld : A -» A ind and 7r} ree : A -> A fre e- 



If 1 < p < q < 2, we claim that 



(4.3) \\Y j y md {x,-x)®5 :j ~ c6 II V TrL^fs, -a) <8> <J 



L p (A fre eM 



where the symbol ~ c b is used to mean that the equivalence also holds (with absolute 
constants) when taking the matrix norms arising from the natural operator space 
structures of the spaces considered. The case q = 2 follows by using exactly the same 
argument as in Proposition 14.121 In fact, the same idea works for general indices. 
Indeed, we just need to embed l q into L p completely isometrically and then use 
the noncommutative Rosenthal inequality [21] ■ Recall that the cb-embedding of £ q 
into L p is already known at this stage of the paper as a consequence of Corollary 
4.81 At the time of this writing, it is still open whether or not l|4.3[) is still valid for 
other values of (p, q). 
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Our main goal in this paragraph is to generalize the complete embedding in 
Proposition 14. 12| to the direct limit K. p> 2 Of course, this is possible using an 
ultraproduct procedure. However, this would not preserve hyperfiniteness. We will 
now explain how the proof of Proposition ^. 1 2l allows to factorize the cb-embedding 
^p,2{i ! n) — > L p (Af nd i§)TZ^ n ) via a three term K-functional. We will combine this 
with the concept of noncommutative Poisson random measure from |14| to produce 
a complete embedding which preserves the direct limit mentioned above. Let us 
consider the operator space 

X&^VvO = KL p {q n Mq n ) + kh r 2 P {q n Mq n ) + l£L?(q n Mq n ), 

where the norms in the L p spaces considered above are calculated with respect to 
the state tp n arising from the relation ij) n = k„</?„. More precisely, the operator 
space structure is determined by 

\\A\s™(K^ n )) =inf {k^||^i|| 5 ™(L p ) +k,I||x 2 || s ,„ (i?) +k,!||s 3 || Spm(L c P) }, 

where the infimum runs over all possible decompositions 

x = X\ + d* n x 2 + %3d* n , 

with d Vn standing for the density associated to ip n and a = 1/p — 1/2. Note that 
Kycpfyn) coincides algebraically with L p {q n Mq n )- There exists a close relation 
between /C£, (ip n ) an d conditional L p spaces. Indeed, let us consider the conditional 
expectation E Vn : M m (q n Mq n ) — ► M m given by 



K 

Lemma 4.15. We have isometries 

S™(L r 2 »(q n Mq n )) = m$L;(M m (q n Mq n ),E 

S p n (L c 2 p (q n Mq n )) = mrL c p (M m {q n Mq n ),E 
Moreover, these isometries have the form 



\ a <Pr, 
I 



mP \\ d ^a\\ L r( Mm{qnMqn) ^ n y 



mP \\ ad ^\\L i (M m ( qn M qn )^ n )- 



\S™(L' 2 p ( qn Mq n )) 

In particular, using the relation d£ n — d$, n d^ n , we conclude 

NU?(K^ p (</>n)) 

= inf 

X — X j) ~\~ X 7 1 — I — i 

Proof. We have 

i 

\\d£ n a\ 



{K \\x p \\ p + k n || E Vn (x r x*)i \\ s + k\ \\E Vn (x*x c )i || gm }. 



1 

tr^K (dip n aa*d£ 



S™(L/( 9 „M 9 „)) 

Then, normalizing the trace on M m and recalling that 



[idyi m ® (p n ){aa*Y 



E^ n (d$, n aa*dp n ) ' 



L p (M m (q n Mq n )) 
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when regarding the conditional expectation as a mapping 

E^3 n ' P 

(M m (q n Mq n )) — > L p (M m ), 

we deduce the assertion. The column case is proved in the same way. □ 

Proposition 4.16. Let 1Z be the hyperfinite III! factor and <j) the quasi-free state 
on 1Z considered above. Let us consider the space /C^, ((f) (8 ipn)> defined as we did 
above. Then, there exists a completely isomorphic embedding 

Pn ■ tCpflilpn) -* K^((j>®lj) n ). 

Moreover, the relevant constants in p n are independent of n. 
Proof. We have 

K^fa^lpn) = kiL p (K®q n Mq n )+khl P (n®q n Mq n )+kkLl P (K®q n Mq n ). 

The embedding is given by p n (x) = ^ p ®x, with "f p the element of L P (1Z) introduced 
before Proposition 14.121 Indeed, taking E$® v „ : M m (TZ<8>q n M.q n ) — > M m and 
x £ S™ (L p (q n A4q n )) , we may argue as above and obtain 

||7 P ® vWsFiK&yW®^)) 

( ~ i H ill 1 H i II 1 

= inf < k£ \\Xp L +kn E^Jirj;*)^ L ra + k% \\E < p® Vn (x*x c ) 2 L m }. 

~f p <g)X = X p +X r +X c I. 11 "°p 11 "°p J 

Therefore, Lemma T4. 91 and Remark 14 . 1 Ul give 

k„ k„ 

fe=i p j=i 

Hence, the assertion follows as in Proposition 14.121 The proof is complete. □ 

Let M. be a von Neumann algebra equipped with a n.s.s.f. weight ip and let 
us write (tp n , q n )n>i for the associated sequence of q„-supported weights. Then we 
define the following direct limit 



n>\ 

We are interested in a cb-embedding K%. (ip) — * L p (A) preserving hyperfiniteness. 
In the construction, we shall use a noncommutative Poisson random measure. Let 
us briefly review the main properties of this notion from [141 before stating our 
result. Let M.% a stand for the subspace of self-adjoint elements in M. which are 
^-finitely supported. Let M.^ denote the projection lattice of M.. We write e _L / 
for orthogonal projections. A noncommutative Poisson random measure is a map 
A : (M.,tp) — ► L\(A, $,/,), where (A, is a noncommutative probability space 
and the following conditions hold 

(i) A : M{ a — ► L\(A) is linear, 
(ii) ^(e 1 ^)) = exp(^(e" - 1)) for x e M{ a . 

(iii) If e, / e AItt and el /, A(e.Me)" and X(fMf)" are strongly independent. 

These properties are not yet enough to characterize A, see below. Let us recall 
that two von Neumann subalgebras Ai ,Ai of A are called strongly independent if 
a\a2 = a2<2i and ^(a^) = ^(ai)^^) for any pair (01,02) in Ai x A2- The 
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construction of A follows by a direct limit argument. Indeed, let us show how to 
produce A : {q n Mq n ,^ n ) — > Li(An,$$ n ). We define 

oo 

A n = M s (q n Mq n ) = Y[ ® k s q n Mq n , 

k=0 

where ® k a q n Mqn denotes the subspace of symmetric tensors in the /c-fold tensor 
product (q n Mq n )ts)k- In other words, if Sk is the symmetric group of permutations 
of k elements, the space ® k s q n -Mq n is the range of the conditional expectation 

£ k (xi ® x 2 ® •• • ® Xk) = Tj X! ® 'M 2 ) ® "' ® ^O)- 

Then we set 

fc 

A(x) = (A fe (a;)) fc >o G M s (q n Mq n ) with A fc (x) = ^7r^ nd (a;), 

i=i 

and properties (i), (ii) and (iii) hold when working with the state 

<^„ ((Zk)k>l) = £ 6XP( ~ fc t" (1)) j>n®---®M zk). 

k — ^ k times 

In the following, it will be important to know the moments with respect to this 
state. Given m > 1, II(to) will be the set of partitions of {1,2, . . . , to}. On the 
other hand, given an ordered family (x a ) a£ A in M, we shall write 

n Xa 

for the directed product of the a; Q 's. Then, the moments are given by the formula 

r — ► 

(iv) $ 0ri (X(xi)X(x 2 ) ■ ■ ■ X(x m )) = II n Xj) ■ 

cren(m) k=l jea k 
a={a 1 ,...,a r } 

Now we can say that properties (i)-(iv) determine the Poisson random measure A for 
any given n.s.s.f. weight ip in M.. According to a uniqueness result from which 
provides a noncommutative form of the Hamburger moment problem, it turns out 
that there exists a state preserving embedding of M s (q ni Mq ni ) into M s (q n2 A4q n2 ) 
for n\ < n 2 and such that the map A = A ni constructed for q ni may be obtained 
as a restriction of A n2 . This allows to take direct limits. More precisely, let us 
define M S (M) to be the ultra-weak closure of the direct limit of the M s (q n Mq n ys. 
Then, there exists a n.f. state $0 on M S (JA) and a map A which assigns to every 
self-adjoint operator x (with supp(x) < e for some ^-finite projection e in M) a 
self-adjoint unbounded operator X(x) affiliated to M S (JA) and such that 

$^ («>*<«>) = expOKe" - 1)). 

Theorem 4.17. Let 1 < p < 2 and ip be a n.s.s.f. weight on M.. Then there 
exists a von Neumann algebra A, which is hyperfinite when M. is hyperfinite, and 
a completely isomorphic embedding 



Kl p &) ^ L P (A). 
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Proof. Let us set the s-fold tensor product 

B n , a = (ioo[0, l]®[q n Mq n © q n Mq n 
Given s > k„, we define the mapping A UiS : K,?. {rj) n ) — > L p (B n ,s) by 

= 2J d % s ^LdiMo^/s] ® K -a:)) 
i=i 

where d n s is the density associated to the s-fold tensor product state 



dt ® © </9„) 



s times 



If we tensor A n , s with the identity map on M m , the resulting mapping gives a sum 
of symmetrically independent mean-zero random variables over M m . Therefore, 
taking x G SJ^K^. (V'n)) and applying Lemma O ^ Remark 14 . 1 01 



||A„, fl (d&a:d&)|| p - inf{a»||o||p + B*||E^(66*)i||^, 
where denotes the conditional expectation 

E^„ : M m (^L oo [0, l]©[g„A^9„ © 9„A^g„]) 
and the infimum runs over all possible decompositions 



S 5 || E 0ii (c*c) 2 1| s ,„}, 



(4.4) 



1 



[0,k„/s] 



1 ft (*) ~ x ) d^ n = a + b + c. 



Multiplying at both sizes by l[o,k„/s] ® 1; we obtain a new decomposition which 
vanishes over (k n /s, 1]. Thus, since this clearly improves the infimum above, we 
may assume this property in all decompositions considered. Moreover, we claim 
that we can also restrict the infimum above to those decompositions a + b + c which 
are constant on [0,k„/s]. Indeed, given any decomposition of the form (|4.4|) we 
take averages at both sizes and produce another decomposition a + 6 + c given 
by the relations 

(a , b , c ) = l[o,k n / s ] ® 7— / (a{t),b(t), c(t)) dt. 

k n Jo 

Then, our claim is a consequence of the inequalities 

lloollp < \\a\\ p , 
\\^Jbob* )m sm < ||E^(66*)i|| sm , 

V P 

|| E 0„( c o c o)^|| s ™ < ||E^„(c*c)5|| sm . 
The fist one is justified by means of the inequality 

1 



XT' 



A 



a(t) dt 



L P {M) 



< \\ a \\L p ([0,\]®M)> 
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which follows easily by complex interpolation. The two other inequalities arise as a 
consequence of Kadison's inequality E(x)E(x*) < E(xx*) applied to the conditional 
expectation 

Our considerations allow us to assume 

(a,b,c) = l[o,k n /s] ® (x p ,x r ,x c ) 
for some x p ,x r ,x c G S p n (L p (q n Mq n ))- This gives rise to 

1 1 A„, s (d* xdf n ) 1 1 p ~ inf { K 1 1 x p | | p + k| 1 1 E v „(x r x; ) * 1 1 + k| 1 1 E^ „(x*x c ) * 1 1 }, 

where the infimum runs over all possible decompositions 

i i 

dip n xdip n — x p ~\~ x r -\- x c . 

This shows that A„ ;S : JCP. p (i^ n ) — > L p (B n _ s ) is a completely isomorphic embedding 
with constants independent of n or s. We are not ready yet to take direct limits. 
Before that, we use the algebraic central limit theorem to identify the moments in 
the limit as s — > oo. To calculate the joint moments we set 

(n = 77 {<Pn © fn) and Cn.s = (n ® (n ® • • • ® Cn 

2 v ' 

s times 

and recall that the map A„ j;s corresponds to 

s 

Un,a(aO = 1T i n d( 1 [0,k n /e] ® -&)) ■ 

i=i 

Then, the joint moments are given by 

0n,s(un,s(xi) ■ ■ ■ li n ,s(#m)) 

s „ m — > 

E / n^nd^P-W-])^)* Cn,«( II ^d^i.-^i)) 

Ji,j2,...,Jm = l^[°' 1 ]° »=1 l<i<m 

- e e (Tyn^Kn^^'n^)]. 

o-ell(m) (ji .... ,j m )~<x fe=l iecr fc «£cr fc 

CT={CTl,...,<T r } 

where | cr fc | denotes the cardinality of ak and we write (ji, ■ ■ ■ ,j m ) ~ f when j a = 
if and only if there exits 1 < k < r such that j a ,jb € ov Therefore, recalling that 
= ^(<p n © </>n)i the only partitions which contribute to the sum above are the 
even partitions satisfying \ak\ € 2N for 1 < k < r. Let us write II e (m) for the set 
of even partitions. Then, using i[) n = k n (p n we deduce 

^n, s (v( a; i)" - vW) = E ' ' ' — V'n ( J| ar») 

creile(m) fe=l i£tT fc 

(T={<Ti ,...,<7 r } 

E ^TTyyn^dl^)- 

eren e (m) v ' fc=l iGcr fc 

cr={ai,...,ay} 
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Therefore, taking limits 



lira (t>n,s(u n , s ( x l) - " u nA x m)) = X! II II 



.7', 



o-en e (m) fe=i iecfc 

CT={o-l,...,0- r } 

These moments coincide with the moments of the Poisson random process 

A : (q n Mq n , ij) n ) -> Li (M s {q n Mq n ) , $</> ra ) . 

Hence, the noncommutative version of the Hamburger moment problem from 
provides a state preserving homomorphism between the von Neumann algebra 
which generate the operators 

| e »„,a(x) | x g ?n ^ gnj s > lj 

and the von Neumann subalgebra of M s (q n A4q n ) generated by 

{e iX ^\xe(q n Mq n ){ a }. 
In particular, taking A n — M s (q n M.q n ) 

J_ _L_ 

\\ d Z xd Z\\s^(K^ p (^ n )) 

j_ j_ j_ 

~ \\ An > S ( d ^n Xd Zj\\s™(L p (Bn,s)) = H d ^„ A ^ d *^„ \\s™(L p (An)y 

Now, we use from [2] that 



(M S (X),$^) = |J (M s {q n Mq n )^ n ) 

n>l 

exists. Therefore, the map 

A(dfxdf)=d^X(x)d^ 

extends to a complete embedding 

K£ p M = lim n /CP p (^„) - i p (M s (M)). 

Moreover, if .M is hyperfinite so is M s (q n A4q n ) and hence the limit M S (A4). □ 

Corollary 4.18. Let 1 < p < 2 and ip be a n.s.s.f. weight on M.. Then there 
exists a von Neumann algebra A, which is hyperfinite when M. is hyperfinite, and 
a completely isomorphic embedding 

£p, 2 (V0 L P (A). 

Proof. Let us set 

KB n}S = ( Loo [0, 1]® \{K®q n Mq n ) © (/V®g n 7W9 n )l ) . 
By Proposition 14 . 1 61 and Theorem 14. 171 the map 

A„, s o p n : JCpfilpn) -> ^m p {4>® ipn) -> L p {HB n , s ) 

provides a complete isomorphism with constant independent of n and s. Using 
the algebraic central limit theorem to take limits in s and the noncommutative 
version of the Hamburger moment problem one more time, we obtain a complete 
embedding 

A„ o p n : lC p>2 (ip n ) -> JC p mp {<j) ® V«) -» L v {M s {n®q n Mq n )). 
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Taking direct limits we obtain a cb-embedding which preserves hyperfiniteness. □ 

Corollary 4.19. S q cb-embeds into L p (A) for some hyperfinite factor A. 

Proof. According to the complete isometry S q = C q ©h Rq and Remark 11.31 
it suffices to embed the first term Z\ © Z 2 on the right of l|4.1|l into L p (A) for 
some hyperfinite von Neumann algebra A. However, following Part II of the proof 
of Theorem 14.41 we know that Z\ © Z 2 embeds completely isomorphically into 
K, Pt2 (ip), where ip denotes some n.s.s.f. weight on B(t 2 ). Therefore, the assertion 
follows from Corollary 14.181 This completes the proof. □ 

Remark 4.20. Theorem 14.41 easily generalizes to the context of Corollary 14.191 
More precisely, given operator spaces Xi € QS(C P ©2 OH) and X 2 € QS(R P ©2 OH) 
and combining the techniques applied so far, it is rather easy to find a hyperfinite 
type III factor A and a completely isomorphic embedding 

Xi ® h X 2 -» L P (A). 

Remark 4.21. In contrast with Corollary 14.81 where free products are used, the 
complete embedding of S q into L p given in Corollary 14.191 provides estimates on 
the dimension of A in the cb-embedding 

S? - L P (A). 

Indeed, a quick look at our construction shows that 

S™ = C™ ® h R™ -+ K p ^ n ) L p (A? nd ; OH k J = L P (M^; OH k J, 

with n ~ mlogm, see ^B] for this last assertion. This chain essentially follows 
from Remark 11.31 Lemma 14.71 and Proposition 14.121 On the other hand, given 
any parameter 7 > and according once more to to |13| . we know that OHk„ 
embeds completely isomorphically into S p n for w„ = k^ k " with absolute constants 
depending only on 7 and that k„ ~ n ap . Combining the embeddings mentioned so 
far, we have found a complete embedding 

S q n -► S%* with M^m^ map . 

4.3. Embedding for general von Neumann algebras. We conclude this paper 
with the proof of our main embedding result in full generality. We shall need to 
extend our definition l|2.8Jl to the case 1 < q < 2. This is easily done as follows 

U q {M) = [Li(M),Ll(M)]_2., 

(4 ' 5) L q (M) = 

The space L q is given by complex interpolation. Therefore we will encode complex 
interpolation in a suitable graph. This follows Pisier's approach |36j to the main 
result in [TI]. Indeed, consider a fixed < 8 < 1 and let [i$ = (1 — 9)na + 6/j,i be 
the harmonic measure on the boundary of the strip S associated to the point z = 0, 
as defined at the beginning of Section ^ We consider the space 

n 2 = {(/| So ,/| ei ) I f:S^C analytic} cL 2 (a )©i 2 (5i). 

We need operator-valued versions of this space given by subspaces 

n r 2p ,, 2 (M,9) c (L c /(d )® h L r 2p ,{M)) © (Ll\d{)® h Ll{Mj) 

H c 2p , t2 (M,6) c (L c 2p ,{M)® h L r /{d Q )) © (Ll{M)® h Lf{d 1 ))=0< p , fl ®O c p , tl . 
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More precisely, if M. comes equipped with a n.s.s.f. weight ip and denotes the 
associated density, H 2p , 2 (M,8) is the subspace of all pairs (/o,/i) of functions in 
O p , ®O p , l such that for every scalar- valued analytic function g : S — > C (extended 
non-tangentially to the boundary) with g(6) = 0, we have 

(1-6) f g(z)d^^ Uz)d^(z) + d [ g(z)h(z)d l x 1 (z) = Q. 

J do Jdi 

Similarly, the condition on W!^/ 2 (-M,0) is 

(1-8) f g(z)f (z)d\~^ d^(z) + 6 f g(z)f 1 (z)d^(z)=0. 

J do Jdi 

We shall also need to consider the subspaces 

Hr.o = {(/„, h) e H r 2p , 2 (M,6) | (1 - 6) [ 4"^/o^o + 9 f hd^ = o}, 

Jdo Jdx ' 

n c , = {(/o,/i) eH c 2p , i2 (M,6)\ 0-~ e )j g fodl'^d^o + O J 9 /id/xi = o}. 

Remark 4.22. In order to make all the forthcoming duality arguments work, we 
need to introduce a slight modification of these spaces for p = 1. Indeed, in that 
case the spaces defined above must be regarded as subspaces of 



H r ^ 2 (M,9) c ( K Ll(d )^M)®[Lf(d l )® h Ll(M)), 
H C ^ 2 (M,9) C (M®L T 2 (d ))®(L%(M)® h L° 2 h (d- 



The von Neumann algebra tensor product used above is the weak closure of the 
minimal tensor product, which in this particular case coincides with the Haagerup 
tensor product since we have either a column space on the left or a row space on 
the right. In particular, we just take the closure in the weak operator topology. 

Lemma 4.23. Let M. be a finite von Neumann algebra equipped with a n.f. state 
ip and let d v be the associated density. If 2 < q' < p' and ^ = + f , we have 
complete contractions 

u r : df'x e L r 2q ,(M) i ^ (l®d^a;,l®4«) + ^r,o G n r 2p , t2 (M,9)/n, %0 , 

u c : xdf" e L c 2q ,(M) i ^ [xdY <g> \,xd\ <g> l) + H c , e H 2p , 2 (M,9)/H c , . 

Proof. By symmetry, it suffices to consider the column case. Let x be an element 
in M m (L 2q , (A4)) of norm less than 1. According to our choice of < 6 < 1, we 
find that 

M m (L c 2q ,(M)) = [U m (L c 2p ,(M)),M m (MM))] e . 
Thus, there exists / : S — > M m (.M) analytic such that = x and 

max{ sup \\f(z)df r \\ i(M)y sup ||/(z)4 || Mra(L c (JM)) } < 1- 

If 1 < s < oc and j 6 {0, 1}, we claim that 

i — ii — ii 

( 4 -6) ||/|a/v l| Mm (i«,(^)® h £;«(8 i )) ^ ™P ll Mm (L| s (M))- 
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Before proving our claim, let us finish the proof. Taking fj = /| s . , we have 

(/orf^,/i4) ~ 6"*^ ® 1,^4 ® l) G Wc,o- 
Indeed by analyticity, we have 

' f did/10 = /(0)4=«4- 



(1-0) I f d 2 /d* ^ 



dfio + 9 I fi d?p dfix 

di 



This implies from l|4.6|) applied to (s,j) — (p',0) and (s,j) = (2, 1) that 



/2g' 



< 



(fod^ p , fid^> / 



< 1. 



Hence, it remains to prove our claim (|4.6(l . We must show that the identity map 
Loo(9j; L| S (7W)) — > L 2s (M) ®/i L r 2 s (dj) is a complete contraction. By complex 
interpolation, we have 

LZ.(M)® h L?(dj) = [M® h L r 2 (d j ) ) LZ(M)® h L%d j )] i 

= [M ® min L r 2 (d 3 ),L c 2 (M) ® min L%{dj)]y 
In other words, we must study the identity mappings 

M 09 mi n Lao(dj) -> M <E)nun L T 2 (dj), 
L C 2 (M) <g> min Lco^dj) Ll^^mmia^)- 

However, this automatically reduces to see that we have complete contractions 

ioo(Sj) - ££(8,-), 

Loo^) -> L§(a,-). 

Therefore it suffices to observe that 



H/llM m (Lj(aj)) 



lM m (L=(9 J )) 



9, 



ffdfij 



< 



f*fdnj 



M« 



su p II/(^)IIm„ 



l/ll]VI m (I/ 00 (9 i ))! 



< N {dj) sup ||/(z)|| M „ 



l/l 12 



M m (L 00 (a i ))- 



This completes the proof for 1 < p < 2. In the case p = 1, we have overlooked the 
fact that the definition of 2 (M, 9) (see Remark l4.22l above') is slightly different. 
The only consequence of this point is that we also need the inequality 



|/|JL m (A<®£5(ao)) " SU P H/( Z )llM m (A4) 



□ 



However, this is proved once more as above. The proof is complete. 

Lemma 14.231 is closely related to Lemma 11.11 and a similar result holds on the 
preduals. More precisely, we begin by defining the operator-valued Hardy spaces 
which arise as subspaces 

H c 2pa {M,6) c (L c 2 "(d ) ®h ^(M)) © (Lf{d x ) ® h L C ,{M)), 
n r 2pt2 (M,6) C (L^(M)®h © (L\{M)® h L° h 
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formed by pairs (/o, /i) respectively satisfying 



(1-6) / s(z)/o(z)^(z) + i 



g(z)d ip 2p z f 1 (z)d f x 1 (z) 



0. 



(1-0)/ g(z)fo(z)d^(z) + 9 g(z)h(z)d v 

J do J di 



P+l 3 
2p 4 



<i/zi(z) = 0, 



for all scalar-valued analytic function g : S — > C (extended non-tangentially to the 
boundary) with g(8) = 0. The subspaces H' r and H' c are defined accordingly. In 
other words, we have 



^c,o - {(/o,/i) 
{(/o,/i) 



7i. r n — 



e H 



2p,2\ 



(1-9) 


/ fo dfio + 


f P + l 3 

9 / d^ l hd^ 




h 


f P+l 3 


(1-9) 


/ fa dfi + 


/ fid<p P 4 diii 




ho 


J di 



Lemma 4.24. Lei A4 be a finite von Neumann algebra equipped with a n.f state 
ip and let d<p be the associated density. Taking the same values for p, q and 9 as 
above, we have complete contractions 

3+1 / P+l 



w r :d v 2q x € L°2^(M) h-> (l<E>d} p x, 1® 4 s ) + K,o e n^ Pi2 {M, 0)/H' cfl , 



w c : xd^ q G L 



[2g_(M) 

9+1 



p+l 



v ^l,a;^®lj + H' rfi eH 2p2 (M,8)/H' rfi . 
Proof. If 1 < s < oo and M m = M m (M), we have 

(4.7) sr(%(*o) = 5r([ii(M),^(M)]^) 

Indeed, the second identity follows from 1)2. 9fl and duality (alternatively, one may 
argue directly as we did in Lcmma l4.15fl . while the third one follows from Theorem 
13.21 Now, let us consider an element of norm less than 1 

xdf^ £ Sf(L r ^(M)). 

9 + 1 

The isometry above provides a factorization 



9+1 

xd 2q 



■ - - a/3 7 <5 e L* (M m )L Pl (Mm^S™ 
with a, /3, 7, 8 in the unit balls of their respective spaces with 

— = q 
Pi 



1 3 and 1 - 1 1 



Moreover, by polar decomposition and approximation, we may assume that (3 and 8 
are strictly positive elements. In particular, motivated by the complex interpolation 
isometry 

L^(M m )S? q , = \L^(M m )S 2 n p ',L i (M m )ST] = [Xo,Xi] fl , 

we take (f3 e ,S e ) = (/J 1 ^ 1 ^, (5 1 / 9 ) and define 

f:zeS^af3 1 e - z 1 S z g eX +X 1 . 
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1+1 

Since / is analytic and f(&) — xd^ q , we conclude 



p+i 



(f\ ao > /| 8l ) e W* ® 1, ard? <8 1) + K,o- 
Therefore, taking /| s = /j we obtain the following estimate 

2+1. 

: {l|/oLf (M)®„i?(9o))' ll^ 1 llsr(^(M)® h is h (a))} 



w c (xdy q ) 
< max 



max | Ha^ll^^ ||a7<5 e IL m/r . !• < 1, 



2p JSf^CM)) 



where the last identity follows from 14.7fl and the fact that (af3g,j6$) are in the 
unit balls of L 2p / p+ i(M. m ) and S™ respectively. The assertion for the mapping w r 
is proved similarly. The proof is complete. □ 

Proposition 4.25. Let M be a finite von Neumann algebra equipped with a n.f. 
state ip and let d v be the associated density. If 2 < q' < p' and ^7 = + f , we 
have complete isomorphisms 

u r : dfx e L r 2q ,{M) ^ (lOd^x.lOdJ^) + ^r,o € Hl p , >2 (M,6)/H r , , 

u c : xdf £ L c 2q ,{M) 1 * (xd^ 7 ®l,x4®l) + W C:0 e H c 2p , a {M,6)/H c , Q . 
Proof. This follows easily from the identity 

trA4(x*y)= / tr M (f (z)*g(z)) due (z), 

JdS 

valid for any pair of analytic functions / and g such that (f(6),g(6)) = (x,y). 
Indeed, according to the definition of the mappings u r ,u c ,w r ,w c , this means that 
we have 

(u r (xi),w r (yi)) = 
(u c (x 2 ),w c (y 2 )) = (x 2 ,y 2 ) 

for any 

(xux 2 ,y u y 2 ) e L 2 ,(M) x L 2 , (M) x L%_(M) x V^_{M). 

8+1 a+i 

In particular, we deduce 

w*u r = id L r , M \ and w*u c = id^c , M \. 

Therefore, the assertion follows from Lemma T4.23I and Lemma T4. 241 □ 

Let M. be a von Neumann algebra equipped with a n.f. state 93 and let Ai m be 
the tensor product M m ® .M. Then, if E m = i(4i m ® : ■Mm — * M m denotes the 
associated conditional expectation, the following generalizes Lemma 13.61 

Lemma 4.26. Ifl/r = l/q— l/p, we have isometries 

L ll,oo)( M ™,E m ) = C p n ® h L r 2q (M)® h R m , 

L Z>,2 r )( M m> E ™) = C m ® h L c 2q {M)® h R™. 
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Proof. By Kouba's theorem, the spaces on the right form complex interpolation 
families with respect to both indices p and q. Let us see that the same happens for 
the conditional L p spaces on the left. Indeed, if we fix p and move 1 < q < p so 
that 1/(2 = 1 — 6 + 8/p, we have to justify the isometries 



T 2p 

(2p',°°) 



(M 



mi Em): -^'(^o i oo) (■^^TOi E m ) 



L (L,2r)(-M m , E m ) - L f ^ 2Bn (M m ,E m ),L ( .^ oo ^(A4 TO! E TO ) 



(co,2p') 



As far as p is finite this is part of Theorem 13.21 while the remaining case follows 
from Lemma 12.51 This means that it suffices to prove the assertion for q = 1 since 
the case q — p follows from the trivial isometries 

L 2p {M m ) = L r 2p {M m ) = C™ ® h L r 2p (M) ® h R m , 
L 2p (M m ) = L c 2p {M m ) = C m ® h L c 2p {M)® h R p n . 

Now we claim that we also have 



T 2p 

(2p',oo) 



{M m , E m ) 



^(00,00) (■Wmi E m ), Ly^JMm, E m ) 



Indeed, recalling that 



v (oo,oo) 



(M m ,E m ),L^ 2) (M m ,E m ) 



^(Do,oo)(^tn,E OT )=£a(^tt n ) J 

we deduce that both spaces above are reflexive. Therefore, using Theorem 13.21 (b) 
for amalgamated L p spaces and duality, we deduce our claim and we are reduced 
to show that 



^ oo) (M m ,E m )=M m (L r 2 (M)) and L^ 2) (M 



M m (L c 2 (M)). 



□ 



However, these isometries are exactly (I2.9|l . The proof is complete. 

Let M. be a von Neumann algebra equipped with a n.f. state ip and let A/" be 
a von Neumann subalgebra of A4. Let E : M. — * M denote the corresponding 
conditional expectation. In Section |3 we defined the spaces 

n% M (M,E) = n^Ll p {M) nn*L* i0o) (M,E), 

C& i9 (M,E) = ni^MJnnSL^WE), 

and mentioned the isomorphism from 

(4.8) ^(M, E) ~ E) ®^ C^ q (M, E). 

In fact, to be completely fair we should say that we have slightly modified the 
definition of lZ 2p q (M., E) and C 2p q (A4, E) by considering the row/column o.s.s. of 
L 2p (M). However, the new definition coincides with the former one in the Banach 
space level. Hence, since we do not even have an operator space structure for 
these spaces, our modification is only motivated for notational convenience below. 
Namely, inspired by Lemma 14.261 we introduce the operator spaces 



n p JM) 



n^L r 2p (M) n L r 2q (M), 
n^L e 2p (M) n n^L c 2q {M). 
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These spaces give rise to the complete isomorphism 

(4.9) j;\ q {M) c± cb KSpJM) ®M,hC2 v<q {M). 

Indeed, taking (M,Af, E) = (M m , M m , E m ) in I4.8|l we have 
S™(J£ q (M)) = j; i JM mi E m ) 

- TZ2 M (M m ,E m )® Mm C% Vtq (M m ,E m ) 

= s$ Pt00) (tzijm)) ® Mm S^ 2p) (C? M (M)) 

= c™ ® h (nq Piq (M) ® M ,h cSp, q (M)) ® h R™ 

= S™(K^ q (M)®M, h C^ q (M)), 

where the third identity follows from Lemma 14.261 after taking in consideration 
our new definition of lZ 2p q (A4,E) and C 2p q (A4,E). In other words, 1)4.8(1 and 
(14.91) are the amalgamated and operator space versions of the same factorization 
isomorphism. Now assume that M. is equipped with a n.s.s.f. weight tp, given 
by the increasing sequence (ip n , q n ) n >l- Then, we may generalize the factorization 
result above in the usual way. Namely, assuming by approximation that k„ = ip n (l) 
are positive integers, we define 

i i 
n 2p , q (tp n ) = K P L r 2p {q n Mq n )nK q L r 2q {q n Mq n ), 

1 1 

C 2 p,q(tpn) = K p L c 2p {q n Mq n )nK" L^ q {q n Mq n ). 
This gives the complete isomorphism 

_^ — +— 

Jp,q{$n) — cbT^2p,q(^n) <&M,hC-2%>,q{^n) = f] * L( u ^(q n Mq n ). 

u,v£{2p,2q} 

Then, taking direct limits we obtain the space 

Jp,q{i>) = T^2p,q(^) ®M,hC2p,q(lp) = f] L( U<V )(M). 

u.v£{2p,2q} 

Lemma 4.27. Let A4 be a von Neumann algebra equipped with a n.s.s.f. weight 
ip. Then, there exists a n.s.s.f. weight £ on B(£ 2 ) such that the following complete 
isomorphisms hold 

H r 2p ,^ 2 (M,9)(g> h R ~ cb %, 2 (^e), 

c® h ni pl> ^M,6) ~ cb c 2 p',2(ip®0. 

Proof. By symmetry, we only consider the column case. Let us first observe that 
7i 2 is indeed the graph of an injective closed densely-defined (unbounded) operator 
with dense range. This is quite similar to Remark 11.31 It follows from the three 
lines lemma that for z = a + ib 

1/(2)1 < ||/| 8o llz 2 (6b,Ma)IWsi Hm8i ,/*<>)• 
Since \i a and fig have the same null sets, we deduce that 

ij'Cf) = f\a 3 e L 2(dj,ve) 

are injective for j = 0, 1 when restricted to analytic functions. Thus, the mapping 
A(7Tq(/)) = tti(/) is an injective closed densely-defined operator with dense range 
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and H2 is its graph. Let A = u|A| be the polar decomposition. Since M u — 1 ® u* 
defines a complete isomctry (recall that A has dense range) 

L%{M) ® h if (SO L%{M) ® h Lf{d ), 

we may replace A by |A| in the definition of H 2p , aC^> Using the discretization 
Lemma f4. 51 we may also replace L2(do) by £2 and the operator |A| by a diagonal 
operator d\. These considerations provide a cb-isomorphism 

C® h H C 2 p , t2 (M,6) ~ cb (c® h L%,(M)® h R p ,) n (c ® h L%{M) ® h lf (A)), 

where ^f(A) is the weighted form of OH which arises from the action of dA- The 
assertion follows by a direct limit argument. Indeed, the n.s.s.f. weight ip on M 
is given by the sequence (V , ni9n)n>i- On the other hand, we may consider the 
n.s.s.f. weight £ on #(£2) determined by the sequence (£, n ^n)n>i, where ir n is the 
projection onto the first n coordinates and is the finite weight on 7r n S(£2)7i"n 
given by 

n 1 1 

£n(7Tn( / , a^ey)^) = ^ 7fe a; fefc with 7^ 2p ' = A fc . 
" fe=i 

Let us define the parameters k.' n = an( i w„ = k„k^. Then, arguing as we did 

in Lemma [4.71 it turns out that the intersection space above is the direct limit of 
the following sequence of spaces 

wn' {Ll p/ {q n Mq n ®-K n B{l2)^n) \ H W^ {Ll{q n Mq n ®TT n B{l2)^n)Y 

However, the latter space is €2^,2(^11 <8> £ n )- This completes the proof. □ 

Proposition 4.28. The predual space of 

H r 2p , t2 (M,6) ® M ,hH c 2p ,^{M,e) 

embeds completely isomorphically into /C^, p (</> <S> ip <E> £) f or some n.s.s.f. weight £ 
on B(£ 2 ) and where <f> denotes the quasi-free state over the hyperfinite IIIi factor 1Z 
considered in Proposition \4-lb] 

Proof. According to Lemma f4. 2 71 

n r 2p ,. 2 (M,9) ® M , h n c 2p ,, 2 (M,6) 

= (^2 P 'JM,9) ® h R) ® M ®B(t*),h (C ®h n c 2p , a {M,6)) 

^cb K2p>a{^®t)®M®B(l 2 ),hC2p>,2{' l l } ®0 -cb Jp\2^ ® £)■ 

However, Jp'^i^P ® £) is a direct limit of spaces 

Jp'A^Pn ® £n) = J p ,\ \AnMq n ®K n B{l 2 )'Kn\ ■ 

According to Proposition 14 . 1 61 the direct limit 

fCp^ ® = li m n fcpA^n ® £n) 

of the corresponding predual spaces cb-embeds into K.^ (cp <g> ip (8 £)■ □ 

Now we are ready to prove our main result. In the proof we shall need to work 
with certain quotient of H 2p , 2(^,6*) ®M,h H^p' 2 (-M,Q)- Namely, recalling the 
subspaces 7i r ,o and ^c,0j we set 

r,Cl) ®M,h (^2p',2(-^; Q)/T~Lc,o) ■ 
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We claim that Q2 P >,2(M, 9) is a quotient of H 2p , 2 {M, 9)<®M,h'H 2p , 2 (M, 9). Indeed, 
according to the definition of the .M-amalgamated Haagerup tensor product of two 
operator spaces (see Remark |3.8[1 . we may write Q,2 P ',2(-M, 9) as a quotient of the 
Haagerup tensor product 

A 2p ,, 2 (M,0) = (n r 2p , i2 (M,9)/H r , ) ®h (n c 2p , i2 (M,9)/n c , Q ) 

by the closed subspace spanned by the differences xij ® x 2 — x\ ® r yx 2 , with 
7 G M. Therefore, it suffices to see that the space A. 2p ' t2 {M, 9) is a quotient 
of T~t 2p ^ 2 {M,9) <g>/j ~H 2p , 2 (M, 9). However, this follows from the projectivity of the 
Haagerup tensor product and our claim follows. 

Theorem 4.29. Let 1 < p < q < 2 and let M be a von Neumann algebra. Then, 
there exists a sufficiently large von Neumann algebra A and a completely isomorphic 
embedding of L q (M.) into L p (A), where both spaces are equipped with their respective 
natural operator space structures. Moreover, we have 

(a) If M is QWEP, we can choose A to be QWEP. 

(b) If M. is hyperfinite, we can choose A to be hyperfinite. 

Proof. Let us first assume that M. is finite. According to Theorem 14.171 and 
Proposition 14.281 it suffices to prove that L q >(A4) is completely isomorphic to a 
quotient of H 2p , 2 (M, 9) ®m Ti. 2p , 2 (M, 9). This follows from Proposition ^ .251 since 

L q ,{M) ~ cb L r 2q ,(M) ® M ,h L c 2q ,{M) ~ c6 Q 2p >AM,9). 

The construction of the cb-embedding for a general von Neumann algebra M. can be 
obtained by using Haagerup's approximation theorem and the fact that direct 
limits are stable in our construction. Indeed, Haagerup theorem shows that for 
every a- finite von Neumann algebra M., the space L q (A4) is complemented in a 
direct limit of L q spaces over finite von Neumann algebras. Finally, if M. is any 
von Neumann algebra, we observe that L q {M) can always be written as a direct 
limit of L q spaces associated to cr-finite von Neumann algebras. On the other hand, 
the stability of hypcrfmitencss follows directly from our construction. Indeed, our 
construction goes as follows 

L q (M) -> (H r 2p ,AM,9) ® M , h H c 2p , a {M,9)) ^ K?^ ® if, ® -> L P (A) 

where the first embedding follows as above, the second from Proposition 14.281 and 
the last one from Theorem 14. 171 In particular, it turns out that the von Neumann 
algebra A is of the form 

A = M a (n»M»B(i2)) t 
which is hyperfinite when M. is hyperfinite and is a factor when M. is a factor. 
Finally, it remains to justify that the QWEP is preserved. If M. is QWEP, there 
exists a completely isometric embedding of L q (M) into L q (Mu) with M. u of the 
form 

Since we know from Corollary 14.81 that the Schatten class S q embeds completely 
isomorphically into L p (A n ) with relevant constants independent of n and A n being 
QWEP, we find a completely isomorphic embedding 

L q {M) -f L p (Au) with A u = (II,^- 4 ™*)*' 
This proves the assertion since Au is QWEP. The proof is complete. □ 
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